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RESUMO

Dado uma agao ampla de um semigrupo inverso sobre um espaco
topolégico Hausdorff, localmente compacto e totalmente desconexo,
estudamos a estrutura de ideais do produto cruzado associado. Através
do desenvolvimento de uma teoria de ideais induzidos, provamos que
todo ideal no produto cruzado pode ser obtido como interseccao de
ideais induzidos a partir de algebras de grupos de isotropia. Isto pode
ser interpretado como uma versao algébrica da conjectura de Effros-
Hahn. Finalmente, como uma aplicagao de nosso resultado, estudamos
a estrutura de ideais da &lgebra de Steinberg associada a um grupoide
amplo interpretando esta dlgebra como um produto cruzado algébrico
por um semigrupo inverso.

Palavras-chave: Semigrupo inverso, acdo ampla, produto cruzado,
algebra de Steinberg, ideais, conjectura de Effros-Hahn.






RESUMO EXPANDIDO

Introducgao

A conjectura de Effros-Hahn tem motivado muitos trabalhos relaciona-
dos ao estudo de ideais em produtos cruzados ha aproximadamente 50
anos. Na sua forma original, a conjectura afirma que todo ideal primi-
tivo no produto cruzado de uma C*-4lgebra comutativa por um grupo
localmente compacto é induzido por um ideal primitivo na C*-dlgebra
associada a algum grupo de isotropia.

Em [2], Sauvageot provou uma versdo da conjectura para o caso de
grupos discretos mediaveis e, desde entao, a conjectura tem sido tratada
em véarios outros contextos. Gootman e Rosenberg, em [3], provaram
uma versao para grupos localmente compactos agindo em C*-algebras
nao necessariamente comutativas. Renault também introduziu uma ver-
sao da conjectura de Effros-Hahn em [4], no contexto de C*-dlgebras
associadas a grupoides. Além disso, os resultados de Renault foram
refinados por Tonescu e Williams em [5].

Existem muitos outros trabalhos ao longo desses 50 anos que foram
motivados pela conjectura de Effros-Hahn. Mas, por entender que os tra-
balhos citados ja enfatizam suficientemente a importancia da conjectura,
citaremos apenas mais dois que sao, fundamentalmente, os trabalhos
que motivaram nosso estudo. No primeiro, Dokuchaev e Exel, em [6],
introduziram uma versao da conjectura em um contexto totalmente
diferente: o produto cruzado algébrico .Z.(X) x G, em que G é um
grupo discreto agindo parcialmente em um espago topolégico localmente
compacto, totalmente desconexo e Hausdorff. No segundo, Steinberg in-
troduziu o que conhecemos hoje por algebras de Steinberg e que podem
ser consideradas como um viés algébrico das C*-algebras de grupoides
introduzidas por Renault. E bem conhecido que, dada uma acao parcial
de um grupo discreto em um espaco topoldgico localmente compacto,
totalmente desconexo e Hausdorff, o produto cruzado associado é iso-
morfo a dlgebra de Steinberg associada ao grupoide de transformacao da
acao. Dessa forma, possivelmente, os resultados obtidos por Dokuchaev
e Exel podem ser generalizados para algebras de Steinberg.

Objetivos

Nesse momento, como recém comentado, a questao que surge é: os
resultados de Dokuchaev e Exel em [6] podem ser generalizados para
algebras de Steinberg? Ou ainda mais especificamente: é possivel obter
uma versao da conjectura de Effros-Hahn para algebras de Steinberg?



Nosso objetivo nesse trabalho é responder essas perguntas, apresentando
uma versao da conjectura de Effros-Hahn para algebras de Steinberg.

Metodologia

Analisando o trabalho de Dokuchaev e Exel, percebemos que uma ferra-
menta de desintegracao e integracao de representacoes foi fundamental
para se obter a desejada versao da conjectura de Effros-Hahn e nossa
esperanca entao foi obter uma ferramenta semelhante para o caso das
algebras de Steinberg. Cabe ressaltar que uma tal ferramenta de desin-
tegragao e integracao de representagoes ja apareceu no trabalho de
Steinberg em [7], mas apenas para o caso em que o grupoide é Haus-
dorff. Como queriamos trabalhar em um contexto mais geral incluindo
também grupoides nao-Hausdorff, tentamos obter uma generalizagao do
resultado de Steinberg. Contudo, a demonstragao obtida por Steinberg
baseava-se no fato que a intersecao de dois conjuntos compactos é ainda
um conjunto compacto, o que pode nao acontecer no caso nao-Hausdorff
e, portanto, nao conseguimos adaptar o argumento.

Como comentamos anteriormente, as dlgebras de Steinberg podem ser
interpretadas como um viés algébrico das C*-dlgebras de grupoides
introduzidas por Renault. E nesse sentido, Exel mostrou em [13] que,
sob algumas condigoes, toda C*-dlgebra associada a um grupoide étale
é isomorfa a um produto cruzado por um semigrupo inverso. Nesse
contexto surge a segunda tentativa de obter uma ferramenta de desin-
tegracao e integragao de representacgoes para algebras de Steinberg. Se
conseguissemos obter uma versao algébrica do isomorfismo obtido por
Exel e uma ferramenta de desintegracao e integragao para o produto
cruzado algébrico por um semigrupo inverso, poderiamos transportar
essa ferramenta para as dlgebras de Steinberg através do isomorfismo.
Novamente, apenas conseguimos obter o isomorfismo desejado para o
caso em que o grupoide é Hausdorff.

Nesse momento a ideia que surgiu foi de mudar o objeto principal de
estudo. Ao invés de focarmos em dlgebras de Steinberg, poderiamos
focar na versao algébrica do produto cruzado por um semigrupo inverso.

Resultados e Discussao

Ao concentrarmo-nos na versao algébrica do produto cruzado por um
semigrupo inverso como objeto principal de estudo, fomos capazes de
obter as desejados ferramentas de desintegracao e integracao de represen-
tacOes como queriamos. Além disso, nossas suspeitas foram confirmadas
e essas ferramentas se mostraram fundamentais no nosso argumento



para obter, de fato, uma versdo da conjectura de Effros-Hahn.

Um ponto muito interessante a ser ressaltado é que, nossos resultados se
mostraram como uma ferramenta para obter o isomorfismo que inicial-
mente desejavamos obter, isto é, toda algebra de Steinberg associado
a um grupoide amplo € isomorfa a um produto cruzado algébrico por
um semigrupo inverso e, portanto, a conjectura de Effros-Hahn pode
ser transportada para algebras de Steinberg através desse isomorfismo.

Consideracgoes Finais

Dessa forma, respondemos a pergunta inicialmente feita, generalizando
os resultados obtidos por Dokuchaev e Exel e obtendo uma versao da
conjectura de Effros-Hahn para dlgebas de Steinberg. Curiosamente,
alguns resultados que esperdavamos obter para usar como ferramentas
acabaram aparecendo como consequéncia da teoria desenvolvida. Agora,
novas perguntas podem ser feitas a partir do nosso trabalho, como
por exemplo, se nosso resultado pode ser usado para obter condigoes
suficientes no grupoide para garantir a simplicidade da algebra de
Steinberg associada.

Palavras-chave: Semigrupo inverso, agao ampla, produto cruzado,
algebra de Steinberg, ideais, conjectura de Effros-Hahn.






ABSTRACT

Given an ample action of an inverse semigroup on a locally compact,
totally disconnected and Hausdorff topological space, we study the ideal
structure of the crossed product algebra associated to it. By developing
a theory of induced ideals, we manage to prove that every ideal in
the crossed product algebra may be obtained as the intersection of
ideals induced from isotropy group algebras. This can be interpreted
as an algebraic version of the Effros-Hahn conjecture. Finally, as an
application of our result, we study the ideal structure of a Steinberg
algebra associated to an ample groupoid by interpreting it as an inverse
semigroup crossed product algebra.

Keywords: Inverse semigroup, ample action, crossed product algebra,
Steinberg algebra, ideals, Effros-Hahn conjecture.
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1 INTRODUCTION

There is a celebrated conjecture which has motivated most of the
works in the study of ideals in crossed product C*-algebras since about
fifty years ago, namely the Effros-Hahn conjecture [1]. The original
conjecture states that every primitive ideal in the crossed product of a
commutative C*-algebra by a locally compact group should be induced
from a primitive ideal in the C*-algebra of some isotropy group.

It was proved by Sauvageout in [2] for the case of discrete amenable
groups and, since then, it has been extended to various others contexts.
Gootman and Rosenberg [3] have proved a version for locally compact
groups acting on non-commutative C*-algebras. Renault has also in-
troduced a version of the Effros-Hahn conjecture in [4] for groupoid
C*-algebras, an entirely different setting. And Renault’s results were
later refined by Ionescu and Williams in [5].

We should also mention Dokuchaev and Exel work in [6] and
Steinberg work in [7] and [8]. Dokuchaev and Exel have introduced the
conjecture in an algebraic fashion, the algebraic partial crossed product
Z.(X) x G, where G is a discrete group partially acting on a locally
compact and totally disconnected topological space X, and Z.(X) is the
algebra consisting of all locally constant, compactly supported functions
on X, taking values in a given field K. Steinberg introduced a notion
of an algebra associated with an ample groupoid G over a given field
K, known as Steinberg algebras nowadays. He obtained a remarkable
number of results for these algebras and, among them, a theory of
induction of modules from isotropy groups.

It is well known that the main object of study in [6], the algebra
Z.(X) x G, may also be described as the Steinberg algebra [7] for the
transformation groupoid associated with the partial action of G on X.
Hence, Steinberg results may be applied to Z.(X) x G as well.

The question that arises in this moment is: could Dokuchaev
and Exel results be generalized for Steinberg algebras? The answer is
affirmative and, in this paper we focus in showing this.

For that task, as our main object of interest, we first concentrate on
crossed product algebras of the form .Z,(X) x S, where S is an inverse
semigroup. In fact, in the last part of this paper, we show that every
Steinberg algebra associated with an ample groupoid (not necessarily
Hausdorff) over a given field K can be realized as an inverse semigroup
crossed product of the form .Z.(X) x S. Similar results may be found
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in [9] and [10].

This paper is structured in four main parts. First, we introduce
an algebraic notion of a Fell Bundle over an inverse semigroup, inspired
by [11], and then build the cross-sectional algebra associated with it.
Next, we show that an ample action of an inverse semigroup S over a
locally compact and Hausdorff topological space X induces a Fell Bundle
BY, referred as the semi-direct product bundle, and define the crossed
product algebra Z.(X) x S as the cross-sectional algebra of the semi-
direct product bundle. We then develop a theory linking representations
of the crossed product algebra and covariant representations of the ample
system (6,5, X), obtaining results of integration and disintegration.

The second part is dedicated to present the theory of induction
of ideals from isotropy groups algebras and to present the basics of the
induction process. Based on Dokuchaev and Exel work, we study the
relationship between the input ideal in the isotropy group algebra and its
corresponding output induced ideal. It turns out that, for a point z in X,
when inducing from the isotropy group G, not all ideals in KG, play a
relevant role. Those which do, we call admissible, inspired in Dokuchaev
and Exel terminology. We show in (3.2.5) that, for every ideal I I KG,,,
there exists a unique admissible ideal I’ C I, which induces the same
ideal of .Z.(X) x S as I does. Thus, the correspondence I — Ind, (I) is
seen to be an one-to-one mapping from the set of admissible ideals in
KG, to the set of ideals in .Z.(X) x S.

In the third part, we generalize Dokuchaev and Exel version of
the Effros-Hahn conjecture ( [6, Theorem 6.3]) for .Z.(X) x S, namely
Theorem (4.2.6) which states that every ideal of .Z,(X) x S is given as
the intersection of ideals induced from isotropy groups. The method of
the proof is inspired in [6] and does not rely on measure theoretical or
analytical tools. The strategy adopted is as follows: given an ideal J of
Z.(X) x S, we first choose a representation 7 of .Z.(X) xS whose null
space coincides with J. Through the theory of integration and disinte-
gration constructed before, we then build another representation, which
we call the discretization of 7, as done in [6], whose null space coincides
with that of 7, and hence also with J. The discretized representation
is seen to decompose as a direct sum of sub-representations, which are
finally shown to be equivalent to an induced representation, and hence
the initially given ideal J is seen to coincide with the intersection of
the null spaces of the various induced representations involved, each of
which is then an induced ideal.

Finally, in the last part of this paper, as a consequence of Theorem
(4.2.6) we show that every Steinberg algebra over a given field K is
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isomorphic to an inverse semigroup crossed product of the form .Z.(X) x
S and the induction theory introduced by Steinberg in [7] and [8] is
compatible with our theory through the given isomorphism. So, our
results can be all applied to Steinberg algebras.
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2 INVERSE SEMIGROUP CROSSED PRODUCTS

In this chapter we explore inverse semigroup crossed product
algebras and its universal property. Actually, this algebras have already
came to light meanwhile this work was in progress in [9] and [10], for
example. However, we prefer to build it in a slightly different fashion.

We introduce an intermediary step, namely, an algebraic notion
of a Fell bundle over an inverse semigroup, based on Exel’s paper [11].
With this in hand we then build the cross-sectional algebra associated
with a Fell bundle and discuss an universal property with relation to
representations. Finally, from an action of an inverse semigroup, when
possible, we construct a Fell Bundle, named the semi-direct product
bundle associated with the action. Turns out that the cross-sectional
algebra of a semi-direct product bundle “coincides” with the crossed
product algebra in the sense of [9] and [10].

From our context, we see that the crossed product algebra arising
from actions of inverse semigroups on locally compact, totally discon-
nected and Hausdorff spaces inherits an universal property with relation
to representations.

2.1 FELL BUNDLES OVER INVERSE SEMIGROUPS

We assume that the reader is familiar with the notion of an inverse
semigroup and its basics notations: the semigroup is denoted by S,
the involutive anti-homomorphism by #*, and the set of all idempotent
elements by E(S).

Throughout this paper we fix a field K.

Most results in this chapter are still valid in the more general case
obtained by replacing K by a commutative ring with identity. However,
we prefer to maintain K as a field all long this paper since for the main
results, this assumption is needed.

Definition 2.1.1. A Fell Bundle over an inverse semigroup S is a triple

B = ({Bs}ses ) {Ms,t}sjtes ) {jt,s}&te&sgt)
such that, for each s,t € S

(a) By is a K-vector space;
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(b) pst: Bs ® By — Bg is a K-linear map;
(¢) ji,s : Bs = By is a K-linear injective map for every s < ¢.
It is moreover required that for every r,s,t € S,

(1) Hrs,t (,Ufr,s(a & b) & C) = Hr,st (a’ ® Ms,t(b ® C)) for every a € B,
b€ By and ¢ € By;

(11) Spal {Mss*7s (/J/s,s* (Bs ® Bs*) & Bs)} = Bs;
(111) jt,r = jt,s Ojs,r if r <s< tv

(iv) if r <»’ and s < ¢, then the diagram

Br ®Bs L) Brs

y@l la

BT’ ® BS’ 4)‘&,’, N BT’S’

comimutes.

If s < t, we shall use the map j; s to identify B, as a subspace
of B;. The last axiom then says that the multiplication operation is
compatible with such an identification.

There are some immediate consequences of the definition.

Proposition 2.1.2.
(a) If e € E(S), then Be is an associative K-algebra.
(b) For every s € S, the map js s is the identity map on Bs.
(c) Ife,f € E(S) and e < f, then j(Be) is a two-sided ideal in By.

Proof. The first item is obvious. For the second item, let s € S and
notice that j, s is an injective linear map from Bj to itself, which is
idempotent by (2.1.1.iii). Therefore, js s must be the identity map on
Bq, as stated. Finally, with respect to (c), let a € Be, b € By and notice
that

1.1.iv)

Jfe(a) b=pysy (jf,e(a) ® jf,f(b)) - Jffef (ue,f(a ® b))
=Jfe (ue,f(a ® b)) € jt.e(Be),

and similarly b-js.c(a) € jf,e(Be). This shows that jf . (B.) is a two-sided
ideal in By, as desired. 0
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Definition 2.1.3. A pre-representation of a Fell bundle B = {Bs}, ¢
in an algebra A is a family IT = {7} .4 of linear maps

ms: By — A
such that, for all s;¢t € S and all a € Bs and b € By, we have
(i) mst (ps,1(a ® b)) = 7s(a)m (b).
Furthermore, IT is a representation if it satisfies
(ii) m¢ o ji,s = ms, whenever s < t.

In this context, if V' is a K-vector space and A = L(V'), then we
shall say that II is a representation of B on V.

Definition 2.1.4. The cross-sectional algebra of B, denoted by &Zéf‘(lg),
is the universal algebra generated by the disjoint union

B
seS

subject to the relations stating that the natural maps
7 By —-%%(B)
form a representation of 5 in L%f([ﬁ’)

The existence of 5%///(5’) is clear, as its uniqueness, up to isomor-
phism. For convenience, we spell out its universal property.

Proposition 2.1.5. The cross-sectional algebra Jh//é(B) is an algebra

and 1" = {7} g is a representation of B in JZ/%(B) Furthermore,
given any representation I1 = {7s} .o of the Fell Bundle B in an

algebra A, there exists a unique homomorphism ® %(B) — A such
that ® o = mg for all s € S.

It will be useful to have a more concrete description of %(B) as

follows. Let
L(B) =P B..
seS

For each s € S and bs € By, we denote by b8, the element of L(5) whose
coordinates are equal to zero, except for the coordinate corresponding
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to s, which is equal to b. Then, it is clear that any element b € £L(B)
can be represented uniquely in the form '

b= b,
s€S

Define a multiplication on £(B) such that

(bs6s)(beds) = pus,t(bs @ by)8sy

for all s,t € S, bs € Bs and b; € By.
Then, with (2.1.1.i), we can prove that £(B) is an associative
K-algebra.

Definition 2.1.6. Let TI° = {m]} _. be the collection of maps such
that, for each s € S, 7 : By — L(B) is given by

70(bs) = bs8s.

S

In this fashion, IIy is a pre-representation of B in £(B) which is
universal in the following sense.

Proposition 2.1.7. Let A be an algebra. If Il = {73}, 5 is a pre-
representation of B in A, then the map ® : L(B) — A, given by

® (Z bsss> = m(bs)

seS seS

is a homomorphism. Conversely, given any homomorphism ® : L(B) —
A, consider for each s € S, the map ws : Bs — A given by

s =®onl.

Then, Il = {7 },cg is a pre-representation of B in A. Furthermore, the
correspondences Il — ® and ® — II are each other inverses, giving
bijections between the set of all homomorphisms from L(B) — A and
the set of all pre-representations of B in A.

Proposition 2.1.8. Let N be the linear subspace of L(B) spanned by
the set
{bsss 7jt,s(bs)6t :5,t€ 8,58 <tbs € Bs}'

Then, N is a two-sided ideal of L(B).

LAll sums considered in this paper are finite. Either because the summands are
indexed on a finite set, or all but a finitely many summands are zero.
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Proof. Given r,s,t € S such that s <t, let by € B; and b, € B,.. Notice
that, by (2.1.1.iv), we have g, 0 (Ji.s ® Jrr) = Jir,sr © fts,r and so

(bsés - jt,s(bs)st) brér = Ms,r(bs ® br)ssr - //ft,r (jt,s(bs) ® br) Str
= /’Ls,r(bs ® br)ssr - jtnsr (/’Ls,r(bs ® br)) Str S N

Therefore, we conclude that A is a right ideal and, similarly, we can
show that A is a left ideal. O

Notice that, in the context of Proposition (2.1.7), ® vanishes on
N if and only if 7; o Jt,s = ms, whenever s < t. Then, we immediately
have the following proposition.

Proposition 2.1.9. In the context of the correspondence ® < Il of
(2.1.7), ® vanishes on N if, and only if, 11 is a representation.

We now establish a very important representation of B.
Corollary 2.1.10. For each s € S, let 7] = qo 7%, where n0 is
like in (2.1.6) and q : L(B) — L(B)/N is the quotient map. Then,
It = {7 },cq is a representation of B in L(B)/N .

Remark 2.1.11. We shall denote by bA, the image of b8 in L(B)/N
by the quotient map ¢ : L(B) — L(B)/N.

The importance of the representation IIT resides in the following
result.

Proposition 2.1.12. The algebra L(B) /N possesses the universal prop-
erty described in (2.1.5) with respect to the representation 11T .

Proof. Let Il = {m,} g be any representation of B in an algebra A and
U : L(B) — A be given as in (2.1.7) in terms of IT. By (2.1.9), ¥ vanishes
at N and hence it factors through £(B)/N giving a homomorphism
¢ : L(B)/N — A such that

(I)(bsAs) = (b(Q(bsss)) = 7Ts(bs)
whenever by € B,. Furthermore, notice that
s (bs) = ®(q(bs85)) = P(q(73(bs))) = (] (b))

for every s € S, as desired. It is also clear that such ® must be unique.
O

We then have an immediate corollary.
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Corollary 2.1.13. There exists an isomorphism © : L(B)/N —
&/QZ(B), such that © ol =¥, for every s € S.

We shall henceforth identify £(B)/N and &///Z(B), keeping in mind
that this identification caries 71 to 7%, for every s € S.

Before we end this section, we introduce some important ingredi-
ents.

Definition 2.1.14. A representation Il = {7} g of a Fell bundle B
on a K-vector space V is non-degenerate if

span {ms(b)§ : s € S,be B,, £ €V} =V.

Notice that, if b € Bgs+ and ¢ € By, then setting a = pigs+ 5(b ® )
we have
7s(a) = mes+ (D)5 ().
Hence, by (2.1.1.ii), a representation of B on V' is non-degenerate if and
only if
span {m.(b)¢ : e € E(S),be B., £ eV} =V.

Proposition 2.1.15. In the context of Proposition (2.1.5), let A =
L(V) for some vector space V. Then, II is non-degenerate if and only
if ® is non-degenerate.

Proof. Suppose II is non-degenerate and let £ € V be such that £ =
7s(bs)n for some by € By and np € V. Then

§ = ms(bs) = (' (bs))n-

Since the vectors & of the above form spans V', ® is non-degenerate.
Conversely, suppose @ is non-degenerate and let £ € V be such that
§ = ®(b)n where b= q(>_,.4bs8s) € %(B) and n € V. Then

ZWS(bS)n = Z O (g (bs))n = (b)n =&
sES SES
Since the vectors £ of the above form spans V, II is non-degenerate. [

2.2 INVERSE SEMIGROUP ACTIONS AND ALGEBRAIC CROSSED
PRODUCTS

The aim of this section is to construct a Fell bundle from an action
of an inverse semigroup on an algebra. Unfortunately, this is not always
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possible, the problem in the construction will appear in the axioms (i)
and (ii) of Definition (2.1.1), as we shall see.

Let X be any set, we denote by Z(X) the inverse semigroup formed
by all bijections between subsets of X, under the operation given by
composition of functions in the largest domain in which the composition
may be defined. We now present the definition of an action of an inverse
semigroup on an algebra.

Definition 2.2.1. Let S be an inverse semigroup and let A be an
algebra. An action of S on A is a semigroup homomorphism

a:S—1I(A)
such that

(i) for every s € S, the domain (and hence also the range) of a; is a
two sided ideal of A and «; is a homomorphism;

(ii) the linear span of the union of the domains of all the a;; coincides
with A.

The triple (a, S, A) is called an (algebraic) dynamical system.

For every e € E(S), we denote by A, the domain of .. Therefore,
for each s € S, we have that o is a homomorphism from Ag«s to Agg«.

Throughout this section we fix an algebraic dynamical
system (a,S,A), in order to describe the construction of the
Fell bundle.

We begin the construction defining, for each s € S, the “fiber”
Bs ={(a,s) € Ax S :a € Ags}. To avoid excessive use of parentheses,
we shall write ad; to refer to (a,s) whenever a € Agy-.

The linear structure of B, is borrowed from A s+, while the multi-
plication operation is defined on elementary tensors by

st B, ® B; — B
aés ® b6t —> as (as* (a)b)ést'

We then define the inclusion maps naturally

jt,s: Bs — Bt
ads +— abd;

whenever s,t € S with s < ¢, which finally leads to a triple

B* = ({Bs}ses ’ {'usat}s,tGS ’ {jtvs}s,tGS,sgt) . (222)
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In order to the triple B* to be a Fell Bundle over S, we must worry
about axioms (2.1.1.i-iv). Axioms (iii) and (iv) are easy to see, but
as previous commented, axioms (i) and (ii) may not hold. To identify
the origin of the problem with axiom (i), let a8, € B,., b8 € B, and
cds € By, for r,s,t € S, and notice that, computing initially the left
hand side of (2.1.1.i), we obtain:

st (Ur,s(asr ®b6,) ® Cst) = Mrs,t (0&,« (ar* (a)b) 8rs ® CSt)
= (- (@) ) 81
= Qs (as* (ar* (a)b) C) Srst- (223)

Additionally, computing the right hand side of (2.1.1.i), we have:
Hor st <a6r ® /Ufs,t(bss ® CSt)) = HUr,st (aér ® Qg (as* (b)C) 6st)

= a, (W (@)as (as* (b)c)) Sror. (2.2.4)

By these computations, wee see that (2.1.1.i) holds if and only if

rs (as* (ar* (a)b) c) =a, (ar* (a)as (as* (b)c)) . (2.2.5)

Therefore, up to applying «,- in both sides of (2.2.5), we have proven:

Lemma 2.2.6. A necessary and sufficient condition for the triple

B = ({BS}SGS ) {“Svt}s,tes ) {jf»s}s,tes,sﬁt) ’

as defined in (2.2.2), to satisfy axiom (2.1.1.1) is that the equality

a (as*(ozr*(a)b)c) — e (a)as (as*(b)c) (2.2.7)

holds for all a € Appv, b € Age« and ¢ € Ay, with r,s,t € S.

We will know exploit sufficient conditions on the ideals Az in
order to the triple B* to satisfy (2.1.1.1).

Proposition 2.2.8. Given an action of an inverse semigroup S on an
algebra A, a sufficient condition for the triple B* as defined in (2.2.2)
to satisfy (2.1.1.7) is that, for each s € S, the ideal Ags+ is idempotent.
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Proof. Fix s € S and assume A, is idempotent. For r,t € S, let
a € Appr, by,by € Aggr, ¢ € Ay« and b = byby. Notice that
o (as* (v (a)b)c) = ay (as* (v (a)b1b2)0> = - (a)bras (as* (bg)c)
= a;~(a)ag (as* (ble)C) = a,+(a)ay (as* (b)c).

Since every element of Az« is a sum of terms of the form b1bs, we
verify the equality (2.2.7) and, hence, by Lemma (2.2.6), we conclude
(2.1.1.). O

Finally, there is only one more axiom to worry about in our con-
struction, namely (2.1.1.ii). As already mentioned, this may not hold as
well.

Let a,c € Bs; and b € Bg+ and notice, by the computation made
in (2.2.3), that

Hss*,s <Ns,s* (aés ® bss*) ® CSS> = Qlgg* <Oés (Oés* (a)b) C) 53
= aa,(b)cds.
So, we immediately have:

Lemma 2.2.9. A necessary and sufficient condition for the triple

B = <{BS}S€S , {,Ufs,t}sﬁtes s {jt,s}s’teg,sgt) )

as defined in (2.2.2), to satisfy axiom (2.1.1.4) is that for each s € S
the ideal Agg+ satisfies

sSpan Ass* Ass* Ass* = Ass* .

Notice that, since span Agg« Aggx Agsr C span Aggx Aggx C Aggx, the
equality in the Lemma above is equivalent to Ass« being idempotent.
This, combined with Proposition (2.2.8), leads to the following result:

Theorem 2.2.10. Given an action of an inverse semigroup S on an
algebra A, the triple

B* = ({Bs}ses ) {,Us,t}s’tes ) {jt»S}s,teS,sgt) )

as defined in (2.2.2), is a Fell bundle over S if and only if, for each
s € 8, the ideal Agss« is idempotent. In this case, it will be henceforth
called the semi-direct product bundle relative to the system («, S, A).
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Definition 2.2.11. Let « be an action of an inverse semigroup S on
an algebra A satisfying the equivalent conditions of Theorem (2.2.10).
The crossed product algebra A x, S is defined to be the cross-sectional
algebra of the semi-direct product bundle B* associated with (v, S, A).
We shall denote by J, the ideal defined in (2.1.8) and g7, the quotient
map from L£(B%) to A X, S.

Remark 2.2.12. We shall use the notation ads to denote an element
of L(B*) as well, instead of the awkward double notation a8:85. The
context should bring no confusion. Furthermore, according to Remark
(2.1.11), we shall use the notation aA; to denote the class of a8, in
A X, S.

Notice that, when it is possible to construct the semi-direct product
bundle related to the action of an inverse semigroup on an algebra, the
cross-sectional algebra of the semi-direct product bundle coincides with
the definitions of crossed product algebras in [9] and [10]. Furthermore,
notice still that the cross-sectional construction always leads to an
associative K-algebra. Indeed, the problems faced in the construction of
the semi-direct product bundle are related to the problems one would
face to show that the crossed product algebra definitions in [9] and [10]
are associative.

2.3 CROSSED PRODUCTS OF INTEREST

A special case of actions of inverse semigroups on algebras that
leads to a Fell bundle will be investigated now and will be of high
interest for us from now on.

Definition 2.3.1. Let S be an inverse semigroup and let X be a locally
compact and Hausdorff topological space. An action of S on X is a
semigroup homomorphism

0:5—I(X)
such that,
(i) for every s € S, 05 is continuous and its domain is open in X;
(ii) the union of the domains of all the 6 coincides with X.

The triple (0,5, X) is called a (topological) dynamical system. Further-
more, if X is totally disconnected and the domains are clopen (closed
and open), we say that 0 is an ample action and (0,5, X) is an ample
dynamical system.
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The reader is invited to compare the definition of ample action
above with the Definition 4.2 of ample action in [7]. Is his definition,
Steinberg requires the domains to be compact-open instead of just
clopen. As we shall see, there is no need to require the domains to be
compact in order to obtain an ample groupoid of germs.

For every e € E(S), we denote by X, the domain of 6.. Therefore,
for each s € S, 0, is a homeomorphism from Xg«g to X«

From now on, we fix a Hausdorff, locally compact, to-
tally disconnected topological space X and an ample system
6,5, X).

We will henceforth denote by .Z.(X) the set of all locally constant,
compactly supported, K-valued functions on X and denote by supp(f)
the support of f € Z.(X). With pointwise multiplication, .Z,(X) is a
commutative K-algebra, which is unital if and only if X is compact.

For each s € S, we may also consider the K-algebra 2, (X«s),
which we will identify with the set formed by all f € Z.(X) vanishing
on X \ X+s. Under this identification Z,.(Xs+s) becomes an ideal in
Z.(X).

So, from the ample action of S on a locally compact Hausdorff
space X in the sense of (2.3.1), it is easy to construct an action of
S on Z.(X) in the sense of (2.2.1). Regarding the homeomorphism
0s : Xg+s — X5+, we may define an isomorphism

Qs - gc(Xs*s> — Dgc(Xss*)a

by setting
as(f) = fobs-, (2.3.2)

for all f € Z.(Xss). This said, a : S — Z(Z.(X)) is a semigroup
homomorphism which is then easily seen to be an (algebraic) action of
S on Z.(X).

Furthermore, it is clear that, for every s € S, the ideal .Z.(Xss+) is
idempotent. So, we may now construct the semi-direct product bundle
associated with (a, S,.Z.(X)), which we will denote by B? in this case.
This leads to the cross-sectional algebra £.(X) x S, which is our object
of interest.

Notice that, since we are assuming that X. is clopen for every
e € E(S), its characteristic function 1x, is locally constant, but not
necessarily compactly supported. However, for any f € £.(X), the
product f1yx, is compactly supported and so, it lies in .Z.(X,). Then,
we may globally define an endomorphism &, : Z.(X) — Z.(X) given
by

@S(f) = O‘s(fls*s)



34 Chapter 2. Inverse semigroup crossed products

where 1,4+ stands for 1x__...
In this context, notice that, for any s,t € S, f € Z.(Xss+) and
g S gc(Xtt*)

as(as* (f)g) = as(as* (f)ls*sg) = Ols(as* (f))as(ls*sg) = f&s(g)-

Hence, we get a simpler formula for the product
fAs : gAt = fO_ls(g)Ast-

Now we begin the preparations to obtain an universal property for
Z(X) xS,

Definition 2.3.3. A covariant representation of the system (6,5, X)
on a K-vector space V is a pair (7,0), where 7 : Z.(X) — L(V) is
a non-degenerate representation and o : S — L(V) is a semigroup
homomorphism such that:

(1) 7T(as(f)) = Usw(f)o's* for s € S and f € gc(Xs*s);
(i) span{m(f)¢ : f € Z.(X.),E € V} = 0(V) for every e € E(S).

Notice that, if the domains of all f; are compact, then condition
(ii) of Definition (2.3.3) may be replaced equivalently by:

(it") m(1x,) = o for e € E(S).
The next lemma is a very helpful tool

Lemma 2.3.4. Let (m,0) be a covariant representation of the system
(0,5,X) on a vector space V. If f € ZL.(Xe) for some e € E(S), then

oen(f) = m(f) = 7(f)oe.

Proof. Let £ € V. By (2.3.3.ii), there exist n € V such that 7(f){ =
o.(n). Notice that

oem(f)§ = 0c(0e(n)) = 0e(n) = 7(f)E.

Hence, o.m(f) = 7(f) and the first equality is proved. For the second,
observe that

(2.3.3.4)

m(f)oe = oen(floe =" w(ae(f)) =7(f),

proving the second equality. 0
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The next proposition shows that covariant representations of the
system can be integrated to non-degenerate representations of the semi-
direct product bundle associated and, hence, to a non-degenerate repre-
sentation of the crossed product algebra.

Proposition 2.3.5. Let (m,0) be a covariant representation of the
system (0,5, X) on a vector space V. For each s € S, consider the map
7s : Bs = L(V) given by ws(f8s) = n(f)os for f € L(Xss+). Then,
the collection 11 = {7}, ¢ is a non-degenerate representation of the
semi-direct product bundle B? on V.

Proof. For each s € S, the map 7, is clearly linear and, if s,t € S,
f € Z(Xss+) and g € L. (X ), we have

Tst (:U's,t(fés & 9&)) = Tst (O‘S(O‘S* (f)9)65t> = 7T(O‘S(O‘S* (f)g))ast
CEY an(an (N9)oswow “ZY oum(an ()7(0)on

L G oen(foam(g)o “ZY 7 (Foam(g)or = mo(£6,)mi(g81).

Furthermore, if s < ¢, then

2.3.4)

(s (£85)) = m(£8,) = 7(f)oe "= 1(f)ose-0r
= 7T(f)as = 778(f53)a

concluding that II is indeed a representation of B% on V.
Finally, let £ € V' and write

§=> m(f)
=1

by the non-degenerateness of m. Since Zo(X) = - cp(g) Ze(Xe), we
may assume that each f; lies in .Z.(X,,) for some e; € E(S). Hence,

e=3 ()6 P2V S w(f)eoe (6 Zwel Fi8e.)&,
=1

i=1

concluding the proof. O
Combining this result with (2.1.5), we get:

Corollary 2.3.6. Let (m,0) be a covariant representation of the system
(0,5, X) on a vector space V. Then, there exists a non-degenerate repre-
sentation ™ X 0 : Z.(X) xS — L(V) such that (7 X 0)(fAs) =7(f)os
for f € L(Xgs).
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Now we proceed the other way around. The goal is to prove that
every non-degenerate representation II of the semi-direct product bundle
on a vector space V is given as above for a covariant representation
(m,0) of (0,5, X). We begin with the following lemma.

Lemma 2.3.7. Given a non-degenerate representation I1 = {7y}, .o of

the semi-direct product bundle B on a vector space V', there exists a
non-degenerate representation m of Z.(X) on V' such that

W(f) = 7"—e(fse)
for all e € E(S) and all f € Z.(X.).
Proof. Let f € Z.(X). Since Z.(X) = ZPGE(S),X (X.), we may write
it as finite sum f = ZeEE(S) fe where f. € Z.(X.). We claim initially

that > c p(s) Te(fede) vanishes when f = 0. In fact, since II is non-
degenerate, it is enough to prove that

Z Te(fede)ms(g8s) =0

ecE(S)

for all s € S and g € Z.(X;s+). Notice that

Z Te(fee)ms(g8s) = Z Tes(fegBes) e Z Ts(fegbs)
c€E(S) c€B(S) c€E(S)
< Z fegé>—7rq(f96 ):Oa
ecE(S)

proving the claim. Hence, the map 7 : Z.(X) — L(V) defined by
m(f)= Y me(fede)
ecE(S)

does not depend of the choice of the f.’s. Furthermore, notice that, for
e, e’ € E(S), f € Z.(X.) and g € Z.(X.), we have

T(f)m(g) = me(f8e)Ter (98er) = Tee (fg8eer) = T(f9).

By linearity, 7 is a representation of .Z.(X) on V.

Finally, the non-degenerateness of 7 is a consequence of non-
degenerateness of II. In fact, let s € S, f € Z.(Xss+) and choose
g, h € Z.(Xss+) such that f = gh. Hence

Ws(fss) = Tgs* (9555*)7Ts(h5s) = W(g)ﬂ—s(hés)’

concluding the argument. O
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With this in hands, we proceed to the promised result.

Theorem 2.3.8. Given a non-degenerate representation Il = {n,} g
of the semi-direct product bundle B® on a vector space V, there exists a
covariant representation (w, o) of the system (0,5,X) on V such that

7TS(fés) = 7T(f)Us
for every s € S and f € L.(Xss+).

Proof. Let w be the representation of Z,(X) on V given in the Lemma
(2.3.7). Since 7 is non-degenerate, given any £ € V| we may write

£= Zﬂ(fi)fi,
i=1

where each f; € Z.(X) and §; € V. We then define, for each s € S,

o (E)ZZWS(&

To prove that o, is well defined, we must show that the right hand side
of the equality above vanishes when £ = 0. Hence, suppose £ = 0 and
let

n
C = Jsupp(fi) N Xses.
i=1
So C'is a compact open set and, foreach ¢ = 1,...,n, we have 1o filgs =
filgxs. Therefore,

Zﬂ—s as fz s Zﬂ-s as 1C’les*s) s)gz

i=1

- Z 7Ts(193(0)és)ﬁs*s(fi]-s*sss*s)gi

i=1

= Z s (195(0)63)7T(fi13*s)€i
=1

s (195(0)5s)77(1cfi15*s)§i

M=

1

= ms(Lg,(c)8s)m(1c1sws) > 7(fi)
i=1

.
Il

= 775(195(6')58)77(1018*8)5 =0,
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concluding that oy is well defined. Furthermore, o : S — L(V) given
by s + o5 is a semigroup homomorphism. In fact, consider s,t € V
and £ € V a vector of the form £ = 7(¢)n for some ¢ € Z.(X) and
n € V. Additionally, consider f, g € Z.(Xy~) such that fg = a;(p) and
observe that

050¢(§) = osoum(p)n = 057 (at(9)8¢)1) = Os e (f O+ )me(g8e)n
= o5 (f)mi(984)n = s (s (f)85)me(g8:)n
= Tst (s (f)s(9)8st)n = st (s (e () 8se)m
= Tst (st () 8st)n = 05t (§).
Since the set of vectors of the form £ = w(p)n spans V', we conclude

that o is a semigroup homomorphism. With the aim of proving (2.3.3.1),
let £ = w(p)n as above and notice that

osm(f)os(§) = osm(f)osm(p)n = osm(f)msx (s (¢)8sx )
Ts (as(f)SS)WS* (s (30)53* )77 = Tss* (QS(f)‘Psss* n
=m(as(f)e)n = m(as(f))E

For the proof of (2.3.3.ii), fix e € E(S) and let f € Z.(X.), £ € V and
notice that

m(f)§ =me(f8e)€ = ae(m(f)E)
and hence the essential space of 7(.Z.(X,)) is contained in the range
of oe, that is span {7 (f)¢{ : f € Z(X¢),£ € V} C 0.(V). Conversely,
let £ € 0.(V). Then, there exists n € V such that o.(n) = £. Since
7 is non-degenerate, there exists f; € Z.(X) and n; € V such that

n =i, ©(fi)n;. Therefore

§=o0c(n) = Zﬂe(@E(fi)se)ni = ZW(@e(fi))%
i=1

=1

from where we conclude that the range of o, is contained in the essential
space of m(Z.(X.)).

Finally, we must prove that m4(f8;) = w(f)os for every s € S and
f € Z.(Xss+). For this task, let £ € V' and observe that

(2.3.4)

Ts(f85)§ = osm(as- ()€ = 0505-7(f)os(£) m(f)os(§),
concluding the proof. O

An immediate result about disintegration of representations of the
crossed product algebra follows.



2.8. Crossed products of interest 39

Corollary 2.3.9. Given a non-degenerate representation ® of the
crossed product £.(X) xS on a vector space V', there exists a unique
covariant representation (m,c) of the system (0,5, X) on V such that

O(fAs) =n(f)os
for every s € S and f € L.(Xss+).
The next lemma is another helpful result.

Lemma 2.3.10. Let (7,0) be a covariant representation of the system
(0,5, X) on a vector space V. Then,

Usﬂ(f) = 7"(5‘8(][))05
for any s € S and f € Z.(X).

Proof. In the presence of (2.3.5) and (2.3.8), we may assume that 7 and o
are given as in the proof of (2.3.8) for the non-degenerate representation
of the semi-direct product bundle B? given as in (2.3.5). Hence, let
& € V be a vector of the form & = w(p)n for some ¢ € Z.(X) and
n € V and notice that

osm(f)€ = osm(f)m(p)n = osm(fo)n = ms(as(fp)ds)n
= Tgg* ( (f)ss )’/TS(O[S(SD)GS)U
= m(as(f))os(m(e)n) = m(as(f))osé

Since the vectors of the above form spans V', by linearity we conclude
the proof. O

Since we are discussing representations of .Z.(X) x .S, we shall see
now that, for any ideal J of Z.(X) x S, there exists a non-degenerate
representation whose kernel coincides with J. For that, we resort to
Proposition (5.1) of [6].

Proposition 2.3.11. Let A be a K-algebra possessing local units 2
Then, for every ideal J < A, there exists a vector space V and a non-
degenerate representation

T A= L(V),

such that J = ker(m).

2Recall that A is said to have local units if, for every a in A, there exists an
idempotent e € A, such that ea = a = ae.
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To see that that above result applies to our situation, we give the
following:

Proposition 2.3.12. Z.(X) x S has local units.

Proof. Let b = Y _p fsAs, with F C S finite. For each s € S, let
Cs = supp(fs) € Xss+. Then, Cs is a compact open set of X, as well as
05+ (Cs) C Xg+5. Therefore,

E:={]J (Os U O (Cs)>,

seEF

is also compact open in X, since it is a finite union of compact open
sets.

For each € € P(F), define

Ce = (ﬂcg)m( N c>

s€e seF\e

D, = (ﬂ 95*(CS)> N ( N 93*(03)6),

s€e s€EF\e

which are compact open sets as well, since they are closed sets contained
in a compact set and X is Hausdorff.

Now, for every pair (g,¢) € P(F) x P(F), such that |e|+]|s|> 0,
define

B =CeNDs  and e = <Hss*> (Hs*s)

s€e EISIS

Since E(. ) is compact open, ¢ ) = 1g, A is a well defined
element of Z.(X) x S. Moreover, {¢

orthogonal idempotent elements.

Y = Z Pe,s)

le[+]<s]>0

€(e,9)

c) S feftfs|>0 1S @ collection of

Hence,
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is an idempotent element of .Z,(X) »x S and notice that

@(Zfsﬁs> =y ( > @(a,g)>fsAs

sEF sEF |e|+]|s|>0

:Z Z Lo fsBep s

SEF |e|+]|s|>0

- Z Z 1E(5,<)fsAs

s€F |e|+]|s|>0

= Z 1EfsAs

seEF

= ZfsAs

seF

and

Z Z fsAsSD(s,c)

s€F |e|+]s|>0

Z Z fsas(]-E(Eﬁg))Ase(E‘g)

SEF |e|+]|s|>0

= Z Z fsoiés(lE(ES))AS

SEF |e|+]s|>0

= Z fs&s(lE)As

sEF

( > fsAs> ¢

seF

= Zfsles(EﬂXs*s)As

seF

= ZfSAS7

seF
where the last equality holds because Cy C 0,(E N Xgx5). O
Joining this two results, we immediately have.

Corollary 2.3.13. For every ideal J < £.(X) xS, there exists a vector
space V and a non-degenerate representation

m: LX) xS — L(V),

such that J = ker(w). In particular, Z.(X) x S has a faithful non-
degenerate representation.
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With this result in hand, we shall present two interesting conse-
quences for Z.(X) x S.

Proposition 2.3.14. Theres is a monomorphism ¢ : Z.(X) — Z.(X)x
S such that

¢(f) = fA,
whenever e € E(S) and f € Z.(X.).

Proof. Since Z.(X) = 3} cp(s)-Ze(Xe), we may write any function
f € Z.(X) as a finite sum

> fe

e€E(S)

with fe € Z.(X.). By (2.3.13), Z.(X) x S has a faithful non-degenerate
representation, which is the integrated form 7 x ¢ of some covariant
representation (, o) for the system (6,5, X), by (2.3.9).

Notice that,

mxa)( $ sa)= ¥ w2 ) =),

ecE(S) ecE(S) e€E(S)

So, if f = 0, we must have ZeeE(S) feAe = 0 by the faithfulness of
m X 0. Hence, the map ¢ : Z.(X) — Z.(X) x S given by

> fA

ecE(S)

is well defined and it is also a homomorphism.

Furthermore, ¢ is injective. Indeed, if ¢(f) = 0, then 7(f) = 0.
Let « € X and choose e € E(S) such that z € X,. Choose ¢ € .Z.(X,)
such that ¢(z) = 1. Then,

0 =n(f)n(p) = (f) “ZV n(f@)oe = (r x o) (fA.)

from where we conclude that fo = 0 and, hence, f(z) = 0. Since z is
arbitrary, f = 0. O

Relying on this proposition, we may then identify Z.(X) as a
subalgebra of Z.(X) x S. Furthermore, with such an identification,
keeping in mind the definition given in the proof of (2.3.7), we may
interpret the map 7 of the covariant representation (, o) obtained by
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the disintegration of a non-degenerate representation ¢ of Z.(X) x S
as its restriction to Z.(X).

The second consequence is an interesting characterization for the
ideal 7, defined in (2.2.11). Indeed, consider the ideal

Ty = m ker ((ﬂ' X g)o ‘LL) < L£(BY), (2.3.15)

(m,0)

in which (7, o) ranges over covariant representations of the system
(0,5,X) and 7 x o is the integrated form of (m,c) for .Z.(X) x S.

Proposition 2.3.16. The ideal Z,, as defined in (2.3.15) above, coin-
cides with the ideal 7.

Proof. 1t is clear that J, C Z,. It remains to prove the reverse inclusion.
Indeed, by (2.3.13), .Z.(X) x S has a faithful representation which is of
the form 7 x o for some covariant representation (, o) of the system
(0,5, X). Hence,

Zo C ker ((W X o) o qja> = TJa,
concluding the proof. O

At first, there is no apparent reason for this result to be valid in
the general case A x, S.

We end this section with a curious fact. Let (0,5, X) be an ample
dynamical system as usual all over this section. It is well known that
one can always add a formal unit to a semigroup S, leading to the
unitization

St:=Su{1}

of S. One may also extend 6 to 67 : ST — Z(X) in a natural way by
defining 6, as the identity map on X. It is clear that (8%, S, X) is an
ample action as well, which we shall call the unitization of (6, S, X). We
shall denote by o™ the action of ST on Z,(X) induced by 8% in the
sense of (2.3.2). In this context, we have:

Proposition 2.3.17. Let (6,5, X) be an ample dynamical system and
(0F,87%, X) its unitization. Then

LX) Mg S~ LX) xgr ST.



44

Proof. Let BY be the semi-direct product bundle associated with (6,59, X).
For each s € S, define 74 : Bs — Z(X) X+ ST by ms(f85) = fAs. It
is clear that II = {7}, is a representation of B? in Z.(X) x4+ ST.
By, (2.1.5), there exists a homomorphism

¢ Lo(X) X S = Lo(X) Mgt ST

such that ¢(fAg) = fA, for every s € S.
Since every f € Z.(X) may be written as a finite sum f =

2 cen(s) fe, we have

( Z fA ) S fA= Y fA = fAL

ecE(S e€E(S) e€E(S)

Thus proving that ¢ is onto .Z.(X) x4+ S™.

By (2.3.13), Z.(X) %, S has a non-degenerate faithful representa-
tion which is the integrated form 7 x o of some covariant representation
(m, o) of the system (6, S, x), by (2.3.9). We may then extend o to a semi-
group homomorphism o : ST — L(V), by setting oy as the identity
map on V. It is then easy to see that (m,o7) is a covariant representa-
tion of the system (6%, ST, X). By (2.3.6), there exists a representation
X ot of ZL.(X) X+ ST on V such that (7 x o)(fAs) = n(f)oT for
every s € ST.

We thus have the following commutative diagram

Z(X xS—Lf X+ ST

ml /

Finally, if b € Z.(X) %, S lies in the kernel of ¢, then it must also lie
in the kernel of m x o. Hence, b = 0 and ¢ is injective. O
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3 INDUCTION PROCESS

In this chapter we follow the ideas introduced by Dokuchaev and
Exel in [6]. They study the ideal structure of algebraic partial crossed
products, in the context of a discrete group acting on a Hausdorff, locally
compact, totally disconnected topological space. We shall study the
ideal structure of the crossed product algebra in our context.

Throughout this chapter, we fix an ample dynamical sys-
tem (0,5, X).

3.1 INDUCTION PROCESS

For any point € X, as in the case of group actions, one can speak
about its orbit
Orb(z) :={0s(x) : x € Xsns}.

However, by trying to bring the concept of isotropy of a point from
the case of group actions, one should come across the fact that the set

G, = {s €S :x€ Xss, 0s(x) =z}

does not need to have a group structure at all. In fact, G, as defined
above is a x-subsemigroup of S. We shall define the isotropy group of x
as the maximal group image ' of G, but first we are going to introduce
an auxiliary tool

L,:= {s€S:xe X}

We will introduce in L, an equivalence relation that identifies two
elements s,t € L, if, and only if, there is an idempotent element e € L.
such that se = te.

The motivation for this process comes from the interpretation of
the well known concept of the isotropy group at a point in the unit
space of a groupoid, for the case of the groupoid of germs for an action
of an inverse semigroup on a space X, which we will explore later in
this text. Thus, the class of an element s € L, could be thought out as
the germ of s at , which also motivates the notation.

'Th maximal group homomorphic image of an inverse semigroup S is a group
G(S) satisfying the following property: if G is a group and ¥ : S — G(S) is a
surjective homomorphism, then v factors through G(S). See Proposition 2.1.2 of [12]
for further details.
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Summarizing, we have:

L, = {[s,z]:2€ Xes},
G, = {[s,2]: 2 € X5 and O5(z) =z}, (3.1.1)
Orb(z) := {0s(z):z € Xgus}.

Notice that, if s lies in L, and ¢ lies in Egs(x), then ts lies in L.
Moreover, we have the following result.

Proposition 3.1.2. Let s € L, andt e iy, with y = 05(x). Then, ts
lies in L, and the class of ts in L, depends only on the classes of s and
t in Ly and L,, respectively.

Proof. The first claim follows by the comment immediately before the
proposition. For the second claim, notice initially that the fact that
0s(x) = y does not depend on representatives. Indeed, let s’ € L, and
t' € L, be elements such that [s', 2] = [s,z] and [t/,y] = [t, y]. Therefore
there are idempotents e € L, and f € Ey such that se = s’e and

tf =t f. We then have that
Os(x) = 05(0e(x)) = Ose(x) = Osre(z) = 05 (0e(2)) = 05 ().

It only remains to prove that [ts, z] = [t's’, z]. For this task, let d be the
idempotent given by d = es* fs and notice that d lies in L,. Moreover,

t's'd =t's'es* fs =t'ses* fs =t'ss* fse =t fss*se
=tfss"se =tss* fse = tses™ fs = tsd,
concluding the argument. O

Therefore, as long as y = 0,(x), we are allowed to operate the
elements [t, y] and [s, 2] to obtain [ts, z]. This provides a group structure
on G, such that [s,2]”" = [s*, 2] and whose identity element is [e, z]
for any idempotent element e in L.

Notice that, whenever there is an idempotent element e € L, such
that se = te for a pair of elements in L,, necessarily e lies in G, since
0. is the identity map on its domain. Therefore, G, coincides with the
maximal group image of G, and, from now on, will be called the isotropy
group of x.

Notice that L,G, C L, and the map

[s,z] € L, — 05(x) € Orb(z)

is well defined (by the proof of (3.1.2)) and is onto. Moreover, two
elements [s, z] and [t,z] in L, satisfy 0s(z) = 0;(x), if and only if, s*¢
lies in GG,. Before we proceed, let us prove a technical result.
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Lemma 3.1.3. Let s,t € S such that s < t. If s lies in Ly, then t
must also lie in L, [s,z] = [t,x] and Os(x) = 64(x). In particular,
04 (Xons) = Xgge.

Proof. Since s < t, there exists e € E(.5) such that s = te. By hypothesis,
te = s € L,, which means that

T € X(te)*(te) = X N Xe.

Hence, t and e lie in L,. Moreover, te = se and 0y(x) = 6;(z) =
0:(0.(x)) = 0,(x), as stated.

Finally, if # € X,+, then s € L, and, by the previous part,
0:(x) = O5(x). This proves that 0;(Xg«s) = O5(Xgrs) = Xgs=. O

A central ingredient in the induction process is the vector space
M, with basis L,. We shall denote a basis element of M, by §[, ) with
[s,2] in L,. Since L,G, C L,, M, has a natural right KG,-module
structure.

Consider the bilinear form

(,): My x M, - KG,
such that

if s*t € Gy,
otherwise.

_ 6[s*t,z]a
(01,2, Oft,2)) = { 0.

It is important to notice that this bilinear form is well defined,
that is, does not depend on representatives. This said, we shall also
express this form as

(O1s,2], Ot,a]) = [s7t€CL] Os=t,a)5

where the brackets indicate boolean value 2.
An important property of this form, which may be easily proved,
is expressed by the identity

(m,na) = (m,n)a, (3.1.4)

for all m,n € M, and all a« € KG,.

2We shall often use boolean value, even in a slightly abusive way. For example,
in (3.1.6), we have the expression [steL,] f(@st (x))5[st7x]. Indeed, if st does not lie
in f/z, then it is not coherent to write 0s¢(x). However, in this case, we mean that
the expression equals f(95t(x))6[st@] if the content in the brackets is true and the
expression equals zero otherwise.
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We say that R, C L, is a total system of representatives of left
G,-classes if, for every [s,z] in L, there exists precisely one element
[r,z] in R, such that 6,.(x) = 6s(z). By the previous comment, this
amounts to say that 7*s lies in Gy.

Proposition 3.1.5. If R, C L, is a total system of representatives of
left G,-classes, then, for all m € M,., we have

m = Z 5[7@] <6[7',w]7 m>7

[r,z]ER,

where the sum is always finite in the sense that there are only finitely
many nonzero summands.

Proof. Assume initially that m = d, ;) for some [s,z] € L,. So, there
exists an unique element [t, ] in R, such that t*s lies in G. Hence,

Z 6[7",36] <6[r,w]a 6[5,w]> = Z 6[7‘,1:] [r*sGém] 6[T*S,I]

[rz]€ER, [rz]ER,
(3.1.3)
= 0palOftse) = Ofsal-
By writing m as a combination of elements of the form m = 0, ;) for
[s,2] € L., we may reach the general case.

We can now derive a very important fact about M,. It is, there
exists a left Z.(X) x S-module structure compatible with its right
K G -module structure.

Proposition 3.1.6. There is a left £.(X) x S-module structure on M,
such that

(fAs)-O1t,2) = [stels] f(Ost(2))0(st,a]

for every f € Z.(Xss+) and every t € Ly. Furthermore, with this
structure M, becomes a Z.(X) x S-KG-bimodule.

Proof. We shall prove first that there is a well defined left £(B%)-module
structure on M,, such that

(fAS).(S[t,z] = [stel.] f(&st(x))é[st’m].

Indeed, let ¢ and ' in L, such that [t,2] = [/, z]. Hence, there exists
e € L, such that te = t'e.
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Suppose st € L. Since e € L, we have:

€ GAXV(st)*(st) NXe= Xe(st)*(st)e = Xetrsrste
= Xet’*s*st’e = X(st’)*(st’) |l Xe_

Hence, st’ lies in L,. Moreover, [st,z] = [st’, z], since ste = st’e and
93,5(1‘) = Gst(ee(x)) = este(x) = est’E(x) = ast’(96($>) = ast’($)~

Therefore, it is indeed a well defined action of £(B%) on M,. We shall
show now that the ideal J,, as in (2.2.11), acts trivially on M,. For the
task, let dj, . in M, and let b = fA; — fA; be an element in J,, with
s < t. First, notice that sr < tr, since s < t.

If sr lies in Ly, by (3.1.3), we also have tr € L, [sr,z] = [tr, z]
and 0, (v) = 04 (v). In this case, b - d}, ;) = 0. The same thing happens
if both sr and tr do not lie in L.

Suppose now that sr does not lie in L, but ¢r does. In this case,
04 () does not lie in X4+, which contains the support of f. Indeed,
otherwise, we should have 0,(z) € 04+ (Xss+) = Xs+5, where the last
equality comes from (3.1.3), since s* < t*. This gives 0, (z) € Xg+sNXpps,
from where we conclude that

HAS 97‘* (Xs*s N X'rr*) = Xr*s*sr = X(sr)*(sr)a

which can not happen by assumption.

Hence, the action factors trough 7, giving an action of Z.(X) xS
on M,, as desired. It is now standard to verify that M, is a Z.(X) x S-
K G, -bimodule. O

We can now induce Z.(X) x S-modules from K G, -modules in the
following way. Given any left K G;-module V, the tensor product

Ma: ®KG,; ‘/7
is a left £.(X) x S-module, henceforth denoted simply by M, ® V.

Definition 3.1.7. The .Z.(X) x S-module M, ® V mentioned above
is said to be the module induced by V and, will be denoted by Ind, (V).

The next lemma is a technical result which will be an important
tool to compute the annihilator of the induced module in terms of the
annihilator of the original module V.

Lemma 3.1.8. Let V be a left KG,-module and let I be the annihilator
of V in KG,. Given m € M,, the following are equivalent:
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(i) mv =0, for allveV;
(ii) (n,m) € I, for alln € M,.
Proof. Let n € M, and consider the bilinear map
(m,v) € My XV = (n,m)v € V.

By (3.1.4), this is KG,-balanced, so there is a well defined K-linear
map T, : M, ® V — V, such that

Th(m®@wv) = (n,m)v,
So, if (i) is valid for m € M,, then
(n,myjv =T,(m®@v) =0,

for all n € M, and all v € V. Hence, (n,m) lies in the annihilator of V'
for all n € M,, proving that (ii) is valid for m as well.

Conversely, let m € M, and assume (ii) is valid for m. Let R, C L,
be a total system of representatives of left G,-classes. Then, for every
v €V, we have

(3.1.5)
m@v =" Oy (Sral M) OV = D O] @ (B, m)o =0,
[rz]€Rs [rz]€Ra
proving that (i) is valid for m. O

We immediately obtain the following description for the annihilator
of an induced module.

Corollary 3.1.9. Let V be a left KG,-module and let I be the annihi-
lator of V in KG,. Then,

{be LX)~ S : {n,bm) € I,Yn,m € M,},
is the annihilator of M, @ V in Z.(X) x S.

Notice that, if I I KG,, then KG,;/I is a left KG,-module which
is annihilated by I. Hence, every ideal of K G, is the annihilator of a
left KG,-module. This motivates the following definition.

Definition 3.1.10. Given any ideal I < KG,,, we define
Ind,(I):={be LX) xS : (n,bm) € I,¥n,m € M,},

and call it the ideal induced by 1.
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Notice that Ind,(I) is a two-sided ideal. Moreover, notice that the
annihilator of an induced .Z.(X) x S-module is the ideal induced from
the annihilator of the original K G,-module. For further reference, we
reinterpret (3.1.9) from this new point of view.

Proposition 3.1.11. Let V be a left KG,-module and I the annihilator
of V in KG,. Then the annihilator of M, ® V' coincides with the ideal
induced by I.

We now start to explore the induction process by introducing a
clear fact about the behavior of the induction process under inclusion
and intersection.

Proposition 3.1.12.
(i) If I, and Iy are ideals of KG, with Iy C I, then
Ind, (1) C Ind,(1I3).

(ii) If {Ix}ycp is a family of ideals of KG, then

Ind, (ﬂ IA> = () Ind, (L))

AEA AEA

Notice that the task of checking that (n,bm) € I for all n,m € M,,,
as required by the above definition, may be simplified by considering
n = 0[5y and m = dj 4, for s,t € L,, since these generate M,. So, the
next result is an important tool to use in this situation.

Proposition 3.1.13. Given b=} ¢ fsAs € Zo(X) x S and k,l €
Ly, we have that

(Okas D)) = D Fo(Ok(2))011rst,a]
seEK,

where K, is the set of all elements s € S such that k*sl lies in e

Proof. By a simple computation, we obtain

(Oka)s DOa) = D (O] (Fs25)d(1.01)

ses

= [steL.] fs (Bt (2)) (O 01 Ofst.a])

ses

= Z [slefm] fs(951($))6[k*sl,m} =

seEK,
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Notice that, k*sl € G, means that z lies in the domains of 85+ and
O+ s1(x) = x. By applying ), in both sides of the last equality, we obtain
Os1(x) = O (). Nevertheless, if the right side of the last equality is well
defined, so is the left side, which amounts to say that sl lies in L.
Hence, the above equals

= Z fs(gk(x))a[k*sl,z]a
seK,

as desired. O

By combining this proposition with the comment that motivated
it immediately before, we get a criteria for membership in Ind,(I):

Proposition 3.1.14. Given an ideal I < KG, and b = ZSES fsQs €
Z.(X) xS, we have that b € Ind,(I), if and only if,

Z fs(Ok(2))d(kxs1,0) € 1,

seEK,
for every k,l € L.

We now proceed to introduce another fundamental concept in the
induction process. For each x € X, consider the map 'y : Z.(X) xS —
K@, given by

T, (ZfSAS> > fol@)0s,a- (3.1.15)

ses s€Ga
We shall show next that it is indeed a well defined map.

Lemma 3.1.16. For every x € X, the map T’y introduced in (3.1.15)
above is a well defined linear map.

Proof. In fact, we shall show that the map I/, defined by

> f8. € L(B) = Y fu()ds0 € KGa

seS s€Gy

vanishes on 7.
For the task, let b = f&s — f&; lie in J,, with s < t. Therefore,
there are two possible scenarios for s:

e s € G: In this case, by (3.1.3), t also lies in G, and [s, z] = [t, z].
Hence, b lies in the kernel of T" .
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e s ¢ (G,: In this case, again we have two distinct scenarios:

If s € Ly, by (3.1.3), t € L, and ,(x) = ,(z) # x. Hence, again
b lies in the kernel of T,

Otherwise, if both s and ¢ does not lie in G, b lies in the kernel I

x?
and, if s does not lie in G, but ¢ does lie, we must have s* ¢ L,.
Indeed, otherwise, since s* < t*, by (3.1.3), z = 04-(x) = 04+ (x) €
Xg+g, contradicting the initial assumption. But this means that
x ¢ X¢g which contains the support of f, and so f(z) = 0. Hence,
b lies in the kernel of I7,.

Therefore, I, factors through 7, giving the desired map T',. O

The next lemma suggests a close relation between the maps I';,
and the induction process.

Lemma 3.1.17. Let k,l € S, p € Z.(Xp+k), q € ZL.(Xy+) and set
u = pAp~ and v = q/\;.
Then, for every b € £.(X) x S, one has that

T (ubv) _ p(x)Q(el(x))<5[k,x]abé[l,x]>v Zf kvl S I~/m7
¥ 0, otherwise.

Proof. Writing b =3 g fsAs, we have

ubv =Y pAi- - fAs - qA

ses

= Pl (o) Ares - g
ses

= ZP@k* (fs)om=s(q) Ap=s-
seS

Hence, by setting K, = {s € S : k*sl € G, }, we obtain
[y (ubv) = Z p(x)[kel,] fs(Ok(x))[s*kel] q(@s*k(x))é[kxsl,x] =...
seEK,

Notice that, if s € K, then 0«4 (x) = z. By, applying s+ in both
sides of the last equality, we obtain 0;(x) = 0+x(x). Hence, the above
equals

o= [mieL] p(@)a(6i(2)) Y fo(Ok(2))dre stz

seK,

= [kieL.] p(2)q(0: (7)) (k.21 DO1.2])
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as desired. O

We now spell out an alternative definition of Ind,(I) in terms of
r,.

Proposition 3.1.18. If I < KG, is an ideal, then
Ind,(I) ={be Z.(X) xS :Tp(ubv) € I for all u,v € Z.(X) x S}.

Proof. Notice that, it is enough to prove that, for any b € Z.(X) x S,
the following are equivalent:

(i) Tx(ubv) € I for all u,v € Z.(X) % S;
(i) (Op,a), b0p0)) € I for all k,1 € L.
(i) = (ii): Let k,I € L, and choose functions p € Z.(X}+;) and ¢ €
Z.(Xy~) such that p(z) = 1 and ¢(6;(x)) = 1. Letting u = pAg~ and
v = ¢A;, by Lemma (3.1.17) we thus have
I> FI(UbU) = p(x)q(ol(x))w[s,x],b5[l,x]> - <5[s,x]7b(5[l,x]>'

(ii) = (i): Conversely, it is enough to prove (i) for u = pAg« and v = g4\,
where k and [ are arbitrary elements in S. By Lemma (3.1.17), we have

Ly (ubv) = p()q(61(2))(Opk,a)> fOp1,2)) € I,
if k and [ lie in L,, or
I'y(ubv) =0€ I,

otherwise, thus proving (i) in either case. O

3.2 ADMISSIBLE IDEALS

In this section we explore the relationship between induced ideals
in Z.(X) xS and the ideals of the isotropy group algebra they came
from. In this context, we introduce the concept of an admissible ideal.
Roughly speaking, the admissible ideals are the ones which actually
play a relevant role in the induction process.

For that task, again I', will play a relevant role and we begin by
expelling out an important behavior of I',.

Proposition 3.2.1. Let t € G, and v € Z.(Xu+). Then, setting
a = pA;, we have that

T'y(ab) =T (a)Tx(b) and Ty (ba) =T ()T (a),
for every b € L.(X) x S.
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Proof. Let b=} _¢ fsAs and notice that, st lies in G, if and only if s
lies in G, since we already have t € G,. Then, by a simple computation,
we get

=T <Zfs&s(<p) b> Z fé ‘ 6[3‘595

sES s€G,

= Z f‘g(x)@(l‘)é[st,w] = Z fs 6[sx @('r)é[t,x]

s€Gq B
=T, () ;(a).

Similarly, we can show I';(ab) = I';(a)T';(b), concluding the proof. O

Proposition 3.2.2. Let J 4 %.(X) xS be an ideal. Then, T',(J) is
an ideal in KG,.

Proof. Let a € I'y(J) and ¢ = 04 ») € KG; for some t € G. Then, there
exists b € J such that I';(b) = a. Notice that, by choosing ¢ € Z.(Xy+)
such that ¢(z) = 1, we have

(3.2.1)

ac = ap(x)dy 20 = To(b)To(0Ar) "= " To(b- pAs) € To(J).

By linearity, we deduce that ac € T';(J) for arbitrary ¢ € KG, and
similarly, we can show that ca € T',(J). O

We then have the following proposition.

Proposition 3.2.3. Let I be an ideal in KG,, and put I' =T (Ind,(I)).
Then

(i) I' is an ideal of KG.;
(i) I' CI;
(ii) Tnd,(I') = Ind, (I).
Proof. (i) Follows from (3.2.2).

(ii) Given a € I', let b € Ind,(I) such that I';(b) = a. Notice that,
if we choose an idempotent e € G, and ¢ € Z.(X.) such that
() =1 and then setting d = ¢ A, we have

(3.2.1)

a = 5[E)x]a5[e7m] =TI, (d)Fx (b)Fac (d) r, (dbd) el,

by (3.1.18).
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(iii) The inclusion Ind, (I") C Ind, (/) follows from (ii). On the other
hand, if b € Ind,(I), then ubv € Ind,(I) for all u,v € Z.(X) x S.
Hence,

[, (ubv) € Ty (Ind, (1)) =TI'.

By (3.1.18), we conclude that b € Ind, (I'), as wanted.
O

Notice that, if I is an ideal of KG,, then I and T',.(Ind, (7)) induce
the same ideal. This motivates the following definition, which intends
to identify the ideals that play a relevant role in the induction process.

Definition 3.2.4. An ideal I < K@, is said to be admissible if
I,(Ind. (1)) =1.

In this setting, we have.

Corollary 3.2.5. For every ideal I I KG,, there exists an unique
admissible ideal I' C I, such that Ind,(I') = Ind,(I).

Proof. Set I' =T';(Ind,(I)). By (3.2.3.iii), we have Ind,(I') = Ind,(I).
Moreover,
I',(Ind,(I")) =T, (Ind, (1)) = I,

so I’ is admissible. Finally, if I’ and I” are two admissible ideals inducing
the same ideal of Z.(X) x S, then

I' = Ty(Ind, (I')) = Dy(Ind, (I")) = I”.

We already have two examples of induced ideals.
Proposition 3.2.6. The trivial ideals of KG, are admissible.

Proof. Notice that

(3.2.3.44)
{0} € Tu(Ind,({0})) < {0}

so {0} is admissible. On the other hand, we have
Iy(Ind, (KG,)) =Tp(Ze(X) x S) = KGy,

so K@, is admissible. O
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Once we have studied the relationship of I and I';(Ind, (1)), in the
case [ is an ideal of KG,, we may ask ourselves about the relationship
of J and Ind,(T'x(J)), in the case J is an ideal in Z,(X) % S.

Proposition 3.2.7.
(i) If J Q Z.(X) x S, then J C Ind,(T,(J)).

(ii) If I 9 KGy, then Ind,(I) is the largest among the ideals J <
Z.(X) xS satisfying Tp(J) C 1.

Proof.
(i) If b € J, then for every u,v € £, (X) x S, ubv € J and so
Ty (ubv) € Ty (J),
from where we deduce, by (3.1.18), that b € Ind,(I'y(J)).

(ii) By (3.2.3.ii), 'y (Ind; (1)) C I. Moreover, if J < .Z.(X)x S satisfies
I'z(J) €I, then

J C Ind, (T4 (J)) € Ind, (I).

Finally, I',, always leads to admissible ideals.

Proposition 3.2.8. For any ideal J 4 Z.(X) xS, Tp(J) is an admis-
sible ideal of KG,,.

Proof. By (3.2.3.i), J C Ind,(T';(J)). Hence,

Du(7) € Ta(lndy (0 (1)) € L),

Therefore, T';(J) is admissible. O
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4 EFFROS-HAHN LIKE THEOREM

In this chapter we shall prove that any ideal (always meaning
two-sided ideal) of Z.(X) x S is the intersection of ideals induced from
isotropy subgroups. Our methods will largely rely on representation
theory, as we shall see.

4.1 REPRESENTATIONS

From this point on, we will fix an arbitrary ideal J J
Z.(X) xS which, in view of (2.3.11) and (2.3.12), we may
assume it is the kernel of a likewise fixed non-degenerate rep-
resentation

m: Le(X) xS — L(V).

By (2.3.9), we may disintegrate it to a covariant representation
(mo,0) of (0,5, X) such that

m(fAs) = mo(f)os

By the comment immediately after Proposition (2.3.14), we may
identify Z.(X) as a subalgebra of .Z,.(X) xS and, in this fashion, we can
also interpret 7y as the restriction of 7 to Z.(X). Hence, by an abuse
of notation, we shall also use 7 to denote my from now on. The context
should be enough to distinguish between the initial representation 7 of
Z.(X) x S and the representation m of .%,(X) composing the covariant
representation (7, o) resulted from the disintegration of .

Notice that the definition of induced ideals requires that a point of
X to be chosen in advance, so we must begin to see our representation
7 from the point of view of a chosen point in X, a process which will
eventually lead to a discretization of .

For each x € X, let

I ={f € Z(X) : f(z) =0}
which is clearly an ideal in .Z.(X). Consequently,

Zy = span{n(I,)V}
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is invariant under .Z,(X), so there is a well defined representation
of Z.(X) on V, :=V/Z, making the following diagram

~(f) e

e

7z (f) VZ

<

qx

—

&

to commute for every f € Z.(X).
The next proposition is an indication that the localization process
is bearing fruits.

Proposition 4.1.1. Letz € X and f € £.(X). Then, for everyn € Vy,
we have

Proof. Since 7 is non-degenerate, it is enough to verify for n = ¢, (7(¢)&).
Let C be a compact open set containing supp(p) U {z} and notice that
lop = ¢. Furthermore, f — f(x)1¢ lies in I, and hence

fo=(f — f@lc+ f@)le)e = (f - f@le)e + fa)e "E" flz)e.
We thus obtain
(fo)e "L w(f(@)p)E = f(@)m(p)E
Therefore,
T ()N = T2 (f)qe(1(9)€) = qu(m(f)m(0)€) = qu(m(f)E)
= ¢ (f(2)m()§) = f(2)q:(m(¥)§) = f(z)n,
concluding the proof. O

Combining the definition of 7, with the result above, we get the
following useful formula

2 (7 (f)8) = m2(f)a=(§) = f(2)qx(€) (4.1.2)

forallz e X, fe Z(X)and { € V.
Now, we shall work with the homomorphism ¢ and, for a moment,
let the maps m,, for aside.
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Proposition 4.1.3. If v € Xy, then 05(Z;) C Zy,(4). Furthermore,
there exists a linear mapping

ts = Ve = Vo, (2),
such that, for all§ € V
u?(q;p(ﬁ)) = 4o, (x) (08(5))'

Proof. Let & € Z, be a vector of the form £ = w(¢)n, where ¢ € I, and
n € V. In such case,

Noticing that

as(p)

0. () = P(0s=(0s(2))) = p(x) =0,
we see that o () lies in Iy_ (5. Hence, o5 (€) lies in Zg_ (5. The result then

follows by linearity and the second part is an immediate consequence of
the first. ]

We shall explore some properties of the maps u?.

Proposition 4.1.4. Let e € E(S) and x© € X., then uZ is the identity
map in V.

Proof. Choose ¢ € Z,(X.) such that ¢(x) = 1. Then,

@(m(e)n) =" v(2)qz(n) = gz(n) (4.1.5)
for allnp e V.
Let £ € V, then using (4.1.5) for n = 0¢(§), we have
#2(0:(6) = a(0e(€) "= qu(n(9)o.8)
P2 4 (m9)6) = o(0)aa(€) = a.(6),
concluding the proof. O

The maps p? obey the following functorial property.
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Proposition 4.1.6. If x € X445, then the composition

: #95("’3)
v, s Vo.(z) — Vo)

coincides with pf,.

Proof. First notice that, since x € X415, we must have x € X+, and
0s(x) € Xy+¢. Hence, for € € V| we have

it (1 a(9))) = 177 (40,0 (0:(6)) ) = @o,00.20) (7104(©))
= Go,.(2)(015(§)) = 15 (42 (8)),
proving the statement. O

Let us now consider the representation of .Z.(X) on the cartesian
product Il xV, given by

II = Hﬂz.

reX
Thus, if f € Z.(X), and n = (N2)zex € [[,cx Ve, we have

(4.1.1)

(II(f)N)2 = 7a(f)N2 f(@)n.

for all z € X.
Hence, TI(f) is the block diagonal operator, acting on each V, as
scalar multiplication by f(z).
Also, for each s € S, consider the linear operator Us on [[,c x Va,
given by
Us(n)a = [zeX.oe] 1l @ (ng... (1))

for all n = (Nz)zex € erX Va.

Proposition 4.1.7. Identifying V.. as a subspace of [[,cx Va, in the
natural way, we have:

(i) if ¢ ¢ Xg5, then Us vanishes on Vy;

(ii) if v € Xgvs, then Uy coincides with pu? and hence maps V,, to
Vo, (z);

(iii) if x € Xons, then Us maps Vy bijectively onto Vy, (4;
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(iv) if x € Xger1s, then the composition

v, 2 Vo, () SN Vo, (z)

coincides with Uys on Vy;
(v) U is a semigroup homomorphism.

Proof. Ttems (i) and (ii) are easy to see, while item (iv) follows imme-
diately by (4.1.6). For item (iii), is is enough to notice that, by (iv),
the restriction of U+ to Vp,(,) is the inverse of Uy restricted to V.
Finally, in order to prove (v), notice that, U, o Uy = Uy on V,, for every
x € Xgnpets by item (iv), and, for © ¢ Xgui-1s, we must have € X
or O5(x) ¢ Xyp. In either case, U o Uy vanishes in V, as Uy does by
item (i). O

Unfortunately, since we are considering the product of the V,
instead of the direct sum, the pair (II,U) may not be a covariant
representation of the system (6, .S, X). However, we can get around this
problem with bare hands. The reason why we insist in maintain the
product of the V, will be clear later.

Proposition 4.1.8. The pair (II,U) can be integrated to a representa-
tion IL x U of Z.(X) xS on [],cx Ve such that

I x U)(fAs) =TI(f)Us.

Proof. We already know that U is a semigroup homomorphism and IT is a
representation of £ (X) on ], x Va, possibly degenerate. Furthermore,
the pair (II, U) may not satisfy condition (ii) of (2.3.3). However, it still
satisfies condition (i). Indeed, for s € S, f € Z.(Xes) and n € [[,cx Va,

we have for all z € X
UsH(f)Us ()2 = [v€X,.+] H(f 9 (gj))

= [oex,..] pd ™ (f s (N, (:c))

= [eeXoe] F(Our ()" %9 )
L9 Lex, ] as ()] 7
= ogs(f)|z77x == (H(Oés(f))n>

x
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Now, let e € E(s), f € Z.(Xc) and § € [[,cx Ve. Then, let 1 be the
vector in [], .y Vi such that 7, = f(2)¢&, and notice that

Ue(n)e = lrex.) p (f(@)6:) = lrex] F@)& = (@) = (TL(PE) -
Hence, 7 is a vector such that U.(n) = II(f)&. Then, we can replace the
use of condition (ii) of Definition (2.3.3) by this argument in the proof
of Lemma (2.3.4) to obtain

UeII(f) = TI(f) = TI(f)Ue.

Replacing now the use of Lemma (2.3.4) by the equality above in the
proof of (2.3.5) we obtain a representation of the semi-direct product
bundle B?, possibly degenerate, which can be further integrated to a
representation I x U of .Z.(X) x S on ],y V. such that

L x U)(fAs) =TI(f)Us.
O

Definition 4.1.9. The representation Il x U above will be referred as
the discretization of the initially given representation 7.

The reader may wonder why we have not considered the discretized
representation acting on the direct sum of the V., instead of their product.
The map which will be introduced in the next proposition is the main
reason for that since it is an important tool to establish a relation
between the null space of the original representation and the null space
of its discretized form as we shall see.

Proposition 4.1.10. The mapping
Q : 5 EV (qm(f))zeX € H V:Ev
zeX

is injective and equivariant ! relative to the corresponding representations

of Z.(X) xS onV and on [[,cx Ve, respectively.

IRecall that a linear map T : E — F between vector spaces E and F is
equivariant relative to representations mg and mp of an algebra A on E and F,
respectively, if it intertwines mg and wp, meaning that T o wg(a) = wp(a) o T for
every a in A.
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Proof. Let s € S, and f € £.(Xss+). Then, for every £ in V', and every
z € X, we have

(X U)(fA5)Q(E)),, = I(NUQ(E)), = f(2)(UsQ(E)),
f@)rex.] Qs )
F@)HE (o, ) (€))
f(@)qz(04(E)) qu(ﬂ(f) s(6))
Q(m(fAs)E),-

This proves that @) is covariant. In order to prove that @ is injective,
suppose that Q(£) = 0, for some & in V. Since 7 is non-degenerate, there
exists f; € Z.(X) and & € V such that

£= Zﬂ(fi)fi,
i=1

Define .
D = | Jsupp(£i).
i=1
so D is a compact open subset of X and we have

§= ZW 1sz &i —7T 1D Zﬂ' —7T 1D)£ (4111)
i=1 i=1

Now, for each z in X, we have ¢, (£) = 0 by hypothesis. Thus, £
lies in Z, and so we may write

€= "m(f7)e,

i=1
where 551) €V and fi(x) € I,. Since there are finitely many fi(ac)7 each

of which locally constant, there exists a compact open neighborhood
C, of = where all of the fi(x) vanish. Moreover,

Ny

w(le,)E =Y m(le, e =o. (4.1.12)
i=1

Finally, {C},c y is an open cover of D, and hence we may find a
finite set {z1,...,2,} C X, such that D C (J/_, C;,. Putting
k—1
B =DnCy \ | Cu.,

i=1
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fork =1,...,p,itis easy to see that the E}, are pairwise disjoint compact
open sets, whose union coincides with D. Observing that Ey C Cy, , we
then have

P P
(4.1.11)
= "r(1p)s = w(lg )6 = w(lglc, )¢
k=1 k=1
P (4.1.12)
=Y w(lg)r(le, )6 =70
k=1
This proves that @ is injective. 0

Thus, we have an immediate consequence.

Corollary 4.1.13. The null space of 11 x U is contained in the null
space of .

Proof. Let b € ker(IT x U). By (4.1.10), we have
0 = (I x 1) (H)Q(E) = Qr(D)E)
for all £ € V. Again by (4.1.10), Q is injective and, hence,
(b)) =0
for all £ € V, that is, b € ker(n). O

From now on, we shall consider the subspace

Pv.c]] Vv

zeX reX

consisting of the vectors with finitely many nonzero coordinates. It is
easy to see that this subspace is invariant under II(f) for all f € .Z.(X),
as well as under Uy for all s € S. Consequently, it is also invariant under
IxU.

Proposition 4.1.14. The null space of the representation obtained by
restricting Il x U to @, x Vi coincides with the null space of 11 x U
itself.

Proof. Suppose that (II x U)(b) vanishes on @, V; for some b =
Yoses fsAs € Zo(X) % S. Let y € X and = (N2)rex € [[,ex Ve and
notice that

(@ x U)®))y = Y (A(f)Usn)y = > fo(@)lyeXn] 2 ¥ (ng,. ))-

ses seS
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Let ' = (n),)zcx be the vector defined by either n/, = n, if x = 05 (y)
for some s € S such that y € X5« and fs # 0, or 1, = 0 otherwise.
Then, it is clear that 1’ € @,y V» and

(M x T)(®)n)y = (T x V) (b)) = 0.

Sincey € X and 7 € [, Ve are arbitrary, we deduce that (IIxU)(b) =
0, concluding the argument. O

Regarding the space @,y V. X w where II x U acts, we will identify
each V, as a subspace of @,y Vo, in the usual way. Thus, given § € V,
we shall think of ¢,(£) as the element of .y V2 whose coordinates
all vanish, except for the z'® coordinate which takes on the value g, ().
In this fashion, notice that

H(f)%(g) = Ww(f)%(f) — qﬂc(ﬂ'(f)ﬁ),
Us(@e(€)) =  [oeX0 ] 15(qe(€) = [2€Xo.] o, (2) (05), (4.1.15)

forall fe Z.(X),s€S,zeX,and€ecV.

Since @,y Vi is spanned by the union of the V;, each of which
is the range of the corresponding ¢, the formulas above determine the
action of II(f) and U, on the whole space ¢ x V- So, by combining
them, we are able to give the following concrete description of the
restriction of IT x U to @, x V.

Proposition 4.1.16. Let b=} _q fsAs in ZL.(X) x S. Then, for all
r € X and £ € V, we have that

(H X U)(b)%c(f) = Z[IEX%*s] do.( ( (fs)asg)

ses

Proof. By (4.1.15), the proof reduces to a direct computation:

(I x U)( =Y T(f)Us(:(€) = > T(f)[reXor] go, () (058)
s€S s€S
= Z :cEX&*b qe, (w (fs)o'sf)
ses
O

We are going to describe now the matriz entries of the operator

(ITx U)(b) acting on @, x Vz. That is, for each x and y in X, we want

an expression for the y* component of the vector obtained by applying

(ITx U)(b) to any given vector in V, say of the form ¢, (&), where £ € V.
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It is clear that the desired expression is the y*" component of the
expression given in (4.1.16), which is in turn given by the partial sum
corresponding to the terms for which 6,(z) = y. So, we have

((H X U)(b)QCE(é-))y = Z do, (z) (ﬂ—(fs)a'sg)

SES,05(x)=y

:qy( > 7r(fs)08§>. (4.1.17)

5€8,05(z)=y

We are going to prove now that the restriction of the discretized
representation ITx U to @, y V. has the same null space as the original
representation m has. But first, recall that in (4.1.13) and (4.1.14) we
already proved the following relations among the null spaces:

ker(m) D ker(IT x U) = ker (I x Ulg, v, )- (4.1.18)
We are going to show now that equality in fact holds throughout.

Theorem 4.1.19. The null space of the representation obtained by
restricting Il x U to @,y Va coincides with the null space of .

Proof. It is important to emphasize that, since (II x U)(b) is well defined
on each V, then so is the right-hand-side in (4.1.17). Precisely, if £ and
&' are elements of V' such that ¢, (§) = ¢,(¢’), then

qy( > W(fs)os£>=qy< > w(fs)asg’). (4.1.20)

5€8,05(z)=y 5€8,0(z)=y

By (4.1.18), if b is in the null space of 7, it is enough to prove
that (IT x U)(b) vanishes on P, ¢ x Vi, which amounts to prove that its
matrix entries given by (4.1.17) vanish for all z and y in X.

Let b=3 g fsAs and A C S be the subset consisting of those s
for which fs # 0, and notice that A decomposes as the disjoint union of
the following subsets:

A1={SEAIZJ¢X3$*}’
A2:{SEA:y€Xss*y 95*(9)7éx}7
As={s€A:y€ Xy, 0s-(y) =2}

From our hypothesis that 7(b) = 0, we have that, for every n € V,

0=nb)n=>_ n(fsldn=">_ w(f)ou. (4.1.21)

seEA sEA
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Comparing this expression with the last part of (4.1.17), we are
summing over all of A, while only the terms corresponding to A3z are
being considered there. In order to fix it, notice that z does not lie in
the finite set {04« (y) : s € A2}, so we may choose ¢ € Z.(X) such that
p(x) =1 and p(fs+(y)) =0 for all s € As.

Let & := m(¢)¢ and notice that

0, (7(1)0.€') = 4, (7(1)oum(@)€) = ay (7L ()t

(4.1.2

L2 o (9)as()]y 0,(046).

If s € Ay, then the fact that fs is supported on Xz implies that
fs(y) =0, so the above expression vanishes. Moreover, if s € A, then

as(@)ly= (05 (y)) = 0,

and the above expression vanishes again. From this we conclude that,
for all s € A1 U Ay, we have

dy (ﬂ-(fs)a'sg) =0. (4.1.22)
By noticing that

4.1.2)

a: (r(0¢) "7 @) () = a:(©),

and combining (4.1.22) with (4.1.21), we then have

0=g, ( > w(fs>oss’>

sEA

OIS TN O SEALE I ETAG DENALEY
sEN SEAy sEAs

- Qy< Z 7T(f3)a$€l> (4‘1:-20) qy( Z Tr(fs)o'sf)
sEA3 sEA3

HET (@x 0)0)e©),

This shows that (IT x U)(b) vanishes on @,y Vi, and hence the proof
is concluded. O

This result is fundamental for our study of ideals in .Z,.(X)x.S. The
method we shall adopt will be to start with any ideal J < .Z.(X) % S,
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and then use (2.3.11) and (2.3.12) to find a representation 7, as above,
such that ker(7) = J. By (4.1.19) we may replace 7 by Il x U acting
on @ze x Va, without affecting null spaces, and it will turn out that
the latter decomposes as a direct sum of very straightforward sub-
representations, which we will now describe.

Proposition 4.1.23. Given any = in X, we have that

D v

y€Orb(x)
is invariant under II x U.

Proof. By (4.1.7.ii), for every s € S, this space is invariant under Us. It
is also invariant under II(f), for every f € .Z.(X), since in fact each Vj,
has this property. The invariance under II x U then follows. O

We shall now study the representation obtained by restricting
II x U to the invariant space mentioned above.

Definition 4.1.24. Given x in X, we shall denote the invariant sub-
space referred to in (4.1.23) by W, while the representation of .Z.(X)x.S
obtained by restricting II x U to W, will be denoted by p..

If R C X is a system of representatives for the orbit relation in
X, namely, if R contains exactly one point of each orbit relative to the
action of S on X, notice that

DV, =DW..

yeX z€ER

while the restriction of Il x U to @, x Vy is equivalent to D, ¢ g pz-

Before we state the main result of this chapter we should recall that
right after the proof of (2.3.12) we fixed an arbitrary ideal J < .Z.(X) xS,
which incidentally has been forgotten ever since.

Theorem 4.1.25. Let J be an arbitrary ideal of £.(X) x S, and let 7
be a non-degenerate representation of £.(X) xS, such that J = ker (7).
Considering the representations p, constructed above, we have

J = m ker(pz),

TER

where R C X is any system of representatives for the orbit relation in
X.
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Proof. The null space of 7 coincides with the null space of the restriction
of II x U to @, x Ve by (4.1.19). Since the latter representation is
equivalent to the direct sum of the p,, as seen above, the conclusion is
evident. O

4.2 THE REPRESENTATIONS p,

In this section we are going to maintain all standing hypothesis
of the previous section, such as the ideal J < Z.(X) x S and the
representation 7 : Z,(X) x S — L(V) fixed there.

The usefulness of Theorem (4.1.25) in describing J relies in our
ability to describe the ideals ker(p,) mentioned there. The good news is
that the representations p, are induced from representations of isotropy
group algebras. The main goal of this chapter is to prove that this is
indeed the case.

Initially, notice that, if # € X and s,t € L, are such that [s,z] =
[t,x], then there exists e € E(S) such that z € X, and se = te. Hence,
for n € V;,, we have

Uu(n) = p(m) =V 2z ) LY iz ()

=) = iz () =Y () = Ui (4.2.1)

Our next result refers to the behavior of the operators Us when
[s,x] lies in G,.

Proposition 4.2.2. Fizing x in X, let G, be the isotropy group of
x. Then, for each [s,x] in G, we have that V, is invariant under Us.
Moreover, the restriction of Us to V is an invertible operator and the
correspondence

[s,2] € Gy = Usly, € GL(Vy)

18 a group representation.

Proof. Tts well definiteness follows from (4.2.1). The remaining state-
ments are immediate consequence of (4.1.7). O

The representation of G, on V,, referred to in the above Proposition
may be integrated to a representation of KG,, which in turn makes V,
into a left K G,-module. Applying the machinery of Section 3, we may
then form the induced module M, ® V,, as in (3.1.7), which we may
also view as a representation of .Z.(X) x S on M, ® V.
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Theorem 4.2.3. For each x in X, we have that p, is equivalent to
the representation induced from the left KG,-module V., as described
above.

Proof. Recalling from (4.1.24) that p, acts on

W.= P V,

y€Orb(x)

and that M, is a right KG,-module, and viewing V,, as a left KG,-
module via the representation mentioned in (4.2.2), we claim that
T: M, xV, —» W, given by

T( Z C[s,x]é[s,x]ag) = Z Cls,x] Us (6)

[s,z]€Ly [s,z]€Ly

is a well-defined, balanced, bilinear map.
Indeed, it is well defined by (4.2.1) and clearly bilinear. Moreover,
for every [s,z] € Ly, [t,z] € G, and § in V,;, we have

T(5[5,$] 6[t,m]7£) = T((S[st,z]a 5) =Ust (6) = US(Ut(é-))
=T (01s,2), Ut(§)) = T(0s,2]5 Ot,2] - §)-

Therefore, there exists a unique linear map 7 : M, ® V, — W, such
that 7(05,4) ® ) = Us(§). We shall next prove that 7 is an isomorphism
by exhibiting an inverse for it.

With this in mind, let R, C L, be a total system of representatives
for left G,-classes. Thus, if y is in the orbit of x, there exists a unique
[r,z] € R, such that 6,(z) =y, so that U, maps V, onto V, by (4.1.7).
We therefore let

Vy: Vy = M, @V,

be given by vy (§) = 8}y 2] ® Up=(§), for every £ in V,,. Putting all of the
vy together, let

viWe= @ V,— MV,
y€Orb(z)

be the unique linear map coinciding with v,, on V,,, for every y in Orb(z).
We claim that v is the inverse of 7. To see this, let [s,z] be any
element in L,, and let £ be picked in V, arbitrarily. Let [r,z] € R, be
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such that 4(x) = 6,(x). Then, r*s lies in G, and U,(€) € V,,, where
y := 05(x) = 0,(x). We then have

U<T(5[s,x] ® 5)) - U(Us(g)) = 5[7‘,$] & Ur*(Us(g))

= 5[7"795] ® UT*S(g) = 6[7‘,36] & 5[r*s,x] -
= 5[r7w]5[r*s,w] ®§ - 5[Tr*s7w] ®£
= (5[5’1;] X f

On the other hand, given any y in Orb(z) and & € V,;, write y = 0,.(x),
for [r,x] € R, and notice that

r0(E)) = T<6[T,m] & U (5)) = U, (U (6)) = U (6) = £.

Therefore 7 is indeed an isomorphism between the K-vector spaces
M, ® V, and W,. We will next prove that 7 is equivariant for the
respective actions of .Z,(X) » S, which amounts to say that it is linear
as a map between left .Z,.(X) x S-modules. For this, given t € S, and
f € Z.(X+), we must prove that

T ((fAt)é[s,:r] ® g) = pa:(fAt) (7(6[5@] ® f)) s (424)
for all [s,z] € L, and all £ € V.

Notice that, if [s,2] € L, and £ € V,,, then the left-hand side of
(4.2.4) equals

(8081001 9€) = 5621 FO1c(0)7 (B0 ©)
= [tsel.] f(Ors(2))Uts (§)
while the right-hand side becomes
780 (706 ©©)) =TTV = TNVulO). (125)
Since & lies in V,,, recall from (4.1.7) that U, vanishes on V., unless

ts lies Ly, in which case U maps V, bijectively onto Vo,.(x)- Hence,
(4.2.5) becomes

p:r(fAt) <T(5[s,x] ® f)) = H(f)Uts(g) = [tseim] f(ets (x))Uts(g)
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because, II(f) acts on Vp, () by scalar multiplication by f(6:s(z)),
according to (4.1.1).
This proves (4.2.4), so 7 is indeed covariant. O

Summarizing what we have done so far, the following is the main
result of this work.

Theorem 4.2.6. Let (0,5, X) be an ample system and Z.(X) x S be
the corresponding crossed product algebra over a field K. Then, every
ideal J 9 Z£.(X) x S is the intersection of ideals induced from isotropy
groups.

Proof. Let R C X be a system of representatives for the orbit relation
on X. Using (4.1.25) we may write J as the intersection of the null
spaces of the p., for z in R, while (4.2.3) tells us that p, is equivalent to
the representation induced from a representation of the isotropy group
at x. The null space of p, is therefore induced from an ideal in the group
algebra of the said isotropy group by (3.1.11), whence the result. O

Next proposition goes in the way of describing explicitly a given
ideal J 9.Z,(X) »x S as the intersection of induced ideals.

Proposition 4.2.7. Under the assumptions of (4.2.6), choose a system
R of representatives for the orbit relation on X. For each x in R, let
G, be the isotropy group at x, and let

T, Z(X) xS — KGy

be as in (3.1.15). Then, given any ideal J Q £ (X) x S we have that
. (J) is an admissible ideal of KG,, and

J = () Ind,(I'x()).

TER

Proof. Let I', := T',(J). That each I’, is an admissible ideal follows
at once from (3.2.8). For each x in R, let I, be the null space of the
representation p, referred to in the proof of (4.2.6), so that

J = () Inda(I,).
TER
Observe that for each x € R, we have
(3.2.3)

Iy =Tu(J) = rw< N Indy(Iy)) c I‘E<Indz(lz)> <,

yeER
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Consequently Ind,(I’;) C Ind,(I,), whence

ﬂ Ind,(I',) C ﬂ Ind, (I,) = J.

TER TER

On the other hand, we have by (3.2.7) that Ind, (I’;) is the largest
among the ideals of Z.(X) x S mapping into I’, under T',. Since
',(J) = Iy, by definition, we have that J is among such ideals, so
J CInd,(I'y), and then

JC () Indo(I'2),
TzER

concluding the proof. O






"

5 STEINBERG ALGEBRAS

In this chapter, we prove that every Steinberg algebra associated
with an ample groupoid can be realized as an inverse semigroup crossed
product algebra of the form %.(X) x S. For the task, we first show
that the Steinberg algebra associated with the groupoid of germs of an
ample dynamical system is isomorphic to the crossed product algebra as
a consequence of the theory we have developed so far. Then, combining
this with an Exel’s result in [13], we get the promised result.

We assume the reader is familiar with the notion of topological
groupoids and in particular with its basic notations: a groupoid is usually
denoted by G, its unit space by G(9), and the set of composable pairs by
G®) . The source and range maps are denoted by d and r, respectively.

An étale groupoid is a topological groupoid G, whose unit space
G is locally compact and Hausdorff in the relative topology, and such
that the range map r : G — G(© is a local homeomorphism [13].

A very important class of étale groupoids is that of ample groupoids
[12]. An étale groupoid is called ample if the compact bisections form a
basis for its topology, where a bisection is an open subset U C G such
that the restrictions of d and r to U are injective.

If G is an ample groupoid, then the Steinberg algebra Ak (G) is
defined as the space of all K-valued functions on G spanned by functions
f:G — K such that:

e There is an open Hausdorff subspace V in G so that f vanishes
outside V; and

e f|y is locally constant with compact support;

with pointwise sum and convolution product.

Note that if G is not Hausdorff, then Ak (G) will contain discon-
tinuous functions. The reader is referred to [14] and [7] for detailed
treatment in the subject.

5.1 INDUCTION PROCESS FOR STEINBERG ALGEBRAS

From now on, we fix an ample groupoid G and its associ-
ated Steinberg algebra A (G).

In [7], Steinberg also develops a theory of induction of modules
from isotropy groups.



78 Chapter 5. Steinberg algebras

For a point x € G he considers:

L, = {yegG:d() =z},
G, = {yve€G:dy)=r(y) =1}, (5.1.1)
Orb(z) = {r(y):7€La}.

Moreover, he considers M, as the free K-module with basis L,,.
Since L, G, C L, there is a natural right K G, -module structure on
M,.. Moreover, M, is Ax(G)-K G -bimodule, where the left structure

is such that
feoy=> flw i, (5.1.2)
~YEL

In this fashion, if € G(©) and V is a left KG,-module, then the
left Ax(G)-module induced by V is defined by

Ind, (V) := M, ®ka, V.

We strongly encourage [7] for more details in the subject.

To introduce the notion of an induced ideal, we first talk about a
map that will play a crucial role in the road to our ambitions. This is a
version of I'; to the actual context. For each 2 € G(9), consider the map
I, : Ax(G) —» KG, given by

L. (f)= Y f(. (5.1.3)

V€Ge
We then have the following proposition.

Proposition 5.1.4. Let z € G and let U be a compact open bisection
such that G, NU # (). Then, for every f € Ax(G), we have

Fr(uf) = FT(U)FT(f) and I‘T(fu) = l"r(f)I‘T(u),

where u stands for the characteristic function of U.

Proof. Notice that, since U is a bisection such that G, N U # (), there
exists an unique element v € L, N U. Hence, if v € G,, we have

fu(y) =D flyu Mulp) = fy)

HELL

and, therefore,

Lo(fu)= Y (fu)(md, = Y fr™h)s,.

ve€G, v€G,
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On the other hand,

T, (F)T (u) — ( 3 f(7)5w>5u =Y = Y S,

vEG. vEG. YEG,
Similarly, we can show I',,(uf) = T’z (u)T',(f), concluding the proof. [

Proposition 5.1.5. Let J < Ag(G) be an ideal and x € GO, Then,
L.(J) is an ideal in KG,.

Proof. Let a € T'y(J) and b = §, € KG, for some v € G,. Then, there
exists f € J such that I';(f) = a. Notice that, by choosing a compact
open bisection U containing v, we have

(5.1.4)
ab=ady =T, (f)T,(1y) = Tu(fly) € Tx(J).
By linearity, we deduce that ab € T',.(J) for arbitrary b € KG, and
similarly, we can show that ba € T',.(J). O

The next definition should not be strange to the reader at this
point. Indeed, we shall see that, if I is the annihilator of V' in KG,,
then Ind, (1), as defined above, is the annihilator of M, ® V' in Ax(G).
Actually, we could verify it right now. However, since it shall become
clear soon, we choose to spare the work.

Definition 5.1.6. Let z € GO, Given any ideal I < KG,, we define
Ind,(I) :={f € Ax(G) : Tx(ufv) € I,Vu,v € Ax(G)},
and call it the ideal induced by I.

5.2 UNIVERSAL PROPERTY FOR THE STEINBERG ALGEBRA
ASSOCIATED WITH A GROUPOID OF GERMS

In section 4 of [13], Exel introduced the groupoid of germs asso-
ciated with an action of an inverse semigroup on a locally compact
Hausdorff topological space. For the convenience of the reader and to
introduce some notations, we review briefly this theory. However, the
interested reader is strongly encouraged to read [13] for more details in
the subject.

For the moment, let (0,5, X) be a topological dynamical system.
The groupoid of germs, which we denote S Xy X (or simply S x X when
the action is implicit in the context), as a set, is the quotient of the set

{(s,2) e Sx X 1z € Xgg}
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by the equivalence relation that identifies two pairs (s, z) and (¢, y) if and
only if = y and there exists an idempotent e € E(S) such that x € X,
and se = te. We denote by [s, z] the equivalence class of (s, z) and call
it the germ of s at z. The inversion is given by [s,2] " = [s*,0,(z)]
and the multiplication is given by defining [s,z].[t,y] if and only if
x = 0¢(y), in which case the product is [st,y].

A Dbasis for the topology of S x X is given by

O(s,U) ={[s,z] e Sx X :xz € U}

where s € S and U C X+, is an open set. Furthermore, the map
x €U [s,2] € O(s,U) is a homeomorphism, where ©(s,U) carries
the topology induced from S x X.
The unit space is formed by elements [e,z] with e € E(S) and
r € X, and the map
[e,x] — x (5.2.1)

gives a homeomorphism between the unit space of S x X and X. So,
from now on, we identify the unit space with X and, with such an
identification, we have that d([s,z]) = z and 7([s,z]) = 05(z) are the
domain and range maps, respectively.

In this setting, S x X is an étale groupoid and, for each s € S
and each open subset U of X+, O(s,U) is a bisection. We will use the
shorthand notation O for the bisection O(s, Xg«s).

Furthermore, if (0,5, X) is an ample dynamical system, the unit
space of S x X is totally disconnected and, hence, the collection of all
compact bisections forms a basis for the topology of S x X, according
to Proposition (4.1) of [15]. This amounts to say that S x X is an ample
groupoid. Therefore, we can build the Steinberg algebra Ak (S x X)
associated with S x X.

It worths to mention that the groupoid of germs does not need be
Hausdorff. The interested reader is referred to [16] for a characterization
of Hausdorffness for the groupoid of germs.

From now on, we fix an ample dynamical system (0, S, X),
as well as the Steinberg algebra Ak (S x X) associated with the
groupoid of germs S x X.

We will denote by ds and r4 the restrictions of the source and range
maps to O, respectively. The maps d, and 5 are homeomorphisms onto
their images X+ and X4+, respectively. Notice that, if ¢ € Z.(Xs+),
then the composition ¢ o ry is a compactly supported locally constant
function on O. So, we shall also see p o7, as a function in Ax (S x X)
by extending them to be zero outside ©g, which we shall denote by
pAs.
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For each s € S and each f € Z.(X;+5) we will denote by a;(f)
the element of £, (Xss+) given by

as(f)l, = f(0s(x)) for all € X.
In this context, we have the result.
Proposition 5.2.2. Given f € £.(Xss+) and g € ZLo(Xy+), we have
fAs* gAr = ag(as=(£)g) Ast.

Proof. Let’s prove initially that ©,0; = O,;. Indeed, it is clear that
©:0; C O4. Conversely, let [st,y] € O, and notice that we must have

Y€ X(st)*st = Xprgrst = O (Xs*s N Xtt*)-
This means that there exists € X5 N Xy« such that y = 04 (). In
particular, € X¢«s and y € Xy-, which implies that [s,z] € ©, and
[t,y] € O¢. Then, since x = 0;(y), we have
[Stvy] = [S,LL‘] [tvy} € 0,0,

concluding the initial assumption.
Since f € Z.(Xss+) and g € Z.(Xy+), we have

supp(fAs x gA;) € 0,0, = O

Notice now that
(7093 ) Gst) = (£ [ g 20 (1) = 76-(2))a(0ut)
= FOu)9(0u0) = (sl (D) At ) (st 1])
]

This proposition is important to establish the isomorphism between
the crossed product algebra and the Steinberg algebra associated with
the groupoid of germs, which is our aim now.

Before we proceed, for the sake of understanding, let’s take a pause
to interpret the objects of last section in the context of the groupoid of
germs S X X.
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Laying the groundwork, from the point of view of a groupoid of
germs, having in mind the identification done in (5.2.1), notice that the
sets defined in (5.1.1) can be interpreted as

L, = {[s,z]:z€ Xss}
G; = {[s,2] : x € X5 and O5(z) = 2} (5.2.3)
Orb(z) = {0s(z):x € Xgs}

In relation to the definitions in (3.1.1), notice that the map
[s,z] € Ly~ [s,2] € Ly

is a bijection which restricts to an isomorphism between G, and G.
Hence, the isotropy in each sense coincide.

From now on, we identify these objects as well as the isotropy
group algebra and, hence, we abolish the bold notation in (5.2.3).

We now have the tools to the establish an isomorphism between
the inverse semigroup crossed product algebra associated with an ample
system (6, S, X') and the Steinberg algebra associated with the respective
groupoid of germs S X X. The reader may compare with Theorem 5.4
of [17].

Theorem 5.2.4. Let (0,S,X) be an ample dynamical system, « the
action of S on Z.(X) given by (2.3.2) and Sx X the associated groupoid
of germs. Then Z.(X) X4 S is isomorphic to Ax (S x X).

Proof. Let BY be the semi-direct product bundle associated with (6,5, X),
as in (2.2.2). Consider, for each s € S, the map

s f8s € Bs > fAs € A(S x X).

Then, by (5.2.2), {ms},.g is a pre-representation of the semi-direct
product bundle B? in A (S x X). Furthermore, if s < ¢t in S and f
lies in Z.(Xss+), then it is easy to see that fA; vanishes outside ©,
and, then, coincides with fA,. This amounts to say that {7}, g is a
representation of B? in Ax (S x X).

By Proposition (2.1.5), there exists an epimorphism ® : Z.(X) X,
S — Ak (S x X) such that ®(fA;) = fA;.

To show that @ is injective, we claim first that the diagram

LX) xS —25 Ag(S x X)

\ l (5.2.5)
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is commutative for every z € X. Indeed, let f € Z.(Xss+) and notice
that, since f A is a function supported on ©4 and the latter is a bisection,
there exists at most one element in ©5 N G,. Actually, if z € X4 and
0s(z) = x we must have ©; N G, = {[s,z]} and, otherwise, we must
have ©, N G, = (). Therefore,

(Lo 0 @)(fAs) =Tu(fAs) =[x € Xsvs,05() = z]f(x)a[s,w]
= [8 S éx]f(x)é[s,m] = Fz(fAs)

This concludes the diagram commutativity.
Let J <.%.(X) xS be the kernel of ®. Then, by the commutativity
of the diagram we have

[2(J) = (Fz 0 ®@)(J) =T4(0) =0,
for every x € X. Hence, by (4.2.7)
J=()Ind, (T(J)) = () Inds (0) = () Ind, (I (0)) =0,
zeX reX reX
concluding the proof. O

There are some immediate consequences of this result. First, note
that Ax (S x X) inherits the universal property of .Z.(X) x .S, which
we spell out. The reader is invited to compare with Theorem 4.27 of [7].
On the one hand, Steinberg demands the groupoid of germs S x X to
be Hausdorff, on the other hand, the assumption that K is a field is
relaxed by considering algebras over a commutative ring with identity.

Proposition 5.2.6. Let (6,5, X) be an ample dynamical system and
S x X its associated groupoid of germs. Then, for any covariant repre-
sentation (w,0) of (0,5, X), there exists a non-degenerate representation
X o of Ax(S x X) such that

(m x o) (fAs) = 7(f)os
Furthermore, the mapping
(m,0) » 7T X0

gives a bijection between covariant representations of (6,5, X) and non-
degenerate representations of Ax (S x X).

Proof. Just join (5.2.4), (2.3.9) and (2.3.6). O
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Furthermore, by the commutativity of diagram (5.2.5), we see that
® maps Ind, (1) in the sense of Definition (3.1.10) onto Ind, (/) in the
sense of Definition (5.1.6).

Moreover, ® is compatible with the actions of .Z,(X) x S and
Ak (S x X) on M, in the sense that, the left A (G)-module structure
on M, induced by ® from (3.1.6) is exactly the same structure as defined
in (5.1.2). This immediately gives the following two propositions.

Proposition 5.2.7. Let z € GO. If I is the annihilator of V in KG.,
then Ind,. (1) is the annihilator of My, @ V in Ag (S x X).

This proposition makes sense to Definition (5.1.6), while the next
one translates the main result for inverse semigroup crossed product
algebras to Steinberg algebras (associated with groupoid of germs). But
first, let us bring the definition of admissible ideal from (3.2.4) for the
current context.

Definition 5.2.8. An ideal I < KG, is said to be admissible if
T,(Ind, (1)) = 1.

Then, we finally have the desired result.

Proposition 5.2.9. Let (6,5, X) be an ample system and S x X the
associated groupoid of germs. Choose a system R of representatives for
the orbit relation on X. For each x in R, let G, be the isotropy group
at x, and let

I'y: A (S x X) — KG,

be as in (5.1.3). Then, given any ideal J < Ag (S x X) we have that
T.(J) is an admissible ideal of KG,, and

J = () Ind.(Ts(J)).

TER

5.3 STEINBERG ALGEBRAS AS CROSSED PRODUCTS

In section 5 of [13], Exel presents an example of an inverse semi-
group action which is intrinsic to every étale groupoid. We therefore
fix an étale groupoid G from now on and denote by S(G) the set of all
bisections in G. It is well known that S(G) is an inverse semigroup under
the operations

UV:{UU:UGU,UGV,(U,U)GQ(Z)} and U* = {u"':ueU},
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The idempotent semilattice of S(G) consist precisely of the open subsets
of GO,

Moreover, for any bisection U, its source d(U) and range r(U) are
open subsets of G(¥) and the maps dyy : U — d(U) and ry : U — d(U),
obtained by restricting d and r, respectively, are homeomorphisms.
Hence, we can define a topological action 6 : S(G) — G such that, for
each U € §(G),

Oy :
e dU) = ) (5.3.1)
x 1 — Ty (dU (m))
Notice that 0y (x) = y, if and only if there exists some u € U such that
d(u) =z and r(u) = y.
Additionally, given any *-subsemigroup S C S(G), we may restrict
0 to S, thus obtaining a semigroup homomorphism

Olg: S —I(X)

which is an action of S on X, provided (2.3.1.2.3.1) can be verified. The
next result gives sufficient conditions for the groupoid of germs for such
an action to be equal to G.

Proposition 5.3.2. Let G be an étale groupoid and let S be a *-
subsemigroup of S(G) such that

(i) G = UUGS U, and

(ii) for every U,V € S, and every u € U NV, there exists W € S,
such thatue W CUNV.

Then 8|4 is an action of S on X = G and the groupoid of germs for
0|s is isomorphic to G.

Proof. Proposition (5.4) of [13]. O

An interesting consequence of the above proposition is that, if G
is an ample groupoid, then the set of compact bisections of G are in
the hypotheses of (5.3.2). Hence, the groupoid of germs obtained by
the restriction of the action (6,5, X) above to the *-subsemigroup of
compact bisections is isomorphic to the original groupoid G. Moreover,
this restriction forms an ample action (with domains compact).

We could even add the unit space to the *-subsemigroup of compact
bisections that it would still satisfy the hypotheses of (5.3.2). In this
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situation, the restriction of the action would still form an ample action
and the semigroup involved would have a unit.

We shall denote by S* the *-subsemigroup of S(G) formed by the
compact bisections of G. The importance of the comments above arises
from the next proposition.

Proposition 5.3.3. Let G be an ample groupoid and let S be a *-
subsemigroup of S(G) satisfying the hypotheses of (5.3.2) and such that
the restriction 0 to S of the action of S(G) on G given by (5.5.1) is
ample. If « is the induced action of S on Z.(G?)), as in (2.3.2), then

Ak (G) ~ Z.(G) x4 S.

Proof. Let S x G(© be the groupoid of germs for the given action of S
on GO, Applying (5.2.4), we conclude that

A (S x G ~ £,(6?) x, S.
By (5.3.2), S x G ~ G. Hence,
Ar(G) = Z.(G©) x4 S,
as desired. O

The reader is invited to compare this result with Corollary 5.6
of [17] and Theorem 5.2 of [9]. Summarizing, every Steinberg algebra
associated to an ample groupoid can be viewed as an inverse semigroup
crossed product algebra. In particular, by the comments immediately
before Proposition (5.3.3), one may always choose S to be S or even
5S¢ added by the unit space if it is desired to deal only with inverse
semigroups with a unit.
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6 CONCLUSION

The question that inspired this work is: can a version of the Effors-
Hahn conjecture be obtained for Steinberg algebras?

Trying to answer this question, we initially analyzed the work
done by Dokuchaev and Exel in [6]. It became clear in their paper
that, in order to obtain a version of the Effros-Hahn conjecture for the
case of the algebraic crossed product formed by a partial action of a
discrete group on a totally disconnected, locally compact and Hausdorff
topological space, the key was a tool of disintegration and integration
of representations.

Hence, we started trying to obtain a somewhat result of disinte-
gration and integration of representations for Steinberg algebras. In [7],
Steinberg obtained such a result for Hausdorff groupoids. But, since we
were not disposed to give up the non-Hausdorff case, we hoped to obtain
a generalized version of Steinberg result. However, we were not able to
adapt the proof of Steinberg to include non-Hausdorff case since the
proof relies in the fact that, in the Hausdorff setting, the intersection of
two compacts sets is a compact set.

Meanwhile, another idea came to light. Since Steinberg algebras
can be thought as algebraic versions of groupoid C*-algebras, inspired
on the work of Exel in [13], we have tried to define an algebraic version of
inverse semigroup crossed products and obtain an isomorphism between
a given Steinberg algebra and a suitable inverse semigroup crossed
product algebra as done by Exel in the C*-algebras setting, under some
extra hypothesis. We hoped then to obtain a tool of disintegration and
integration of representations for these new kind of crossed product
algebras and then transport this tool for Steinberg algebras through
the isomorphism. It is worth pointing out that, at that time, there was
no notion of inverse semigroup crossed product in the literature, but
when this work was in progress it appeared in papers like [9]. Anyway,
we were just able to obtain the desired isomorphism in the Hausdorff
setting.

At this point, we realized that would be a nice idea to change the
main object of interest. So, we started focusing on inverse semigroup
crossed products as our main object of study, instead of Steinberg
algebras.

It turns out that we were able the obtain the desired tools of disin-
tegration and integration for this algebras as can be seen in Corollaries
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(2.3.9) and (2.3.6), respectively. And, as expected, these tools guided to
the desired version of the Effros-Hahn conjecture for inverse semigroup
crossed products as can be seen in Proposition (4.2.7).

The interesting fact is that these results showed themselves as
a tool to obtain the initial isomorphism we hoped to obtain with no
success so far, as stated in (5.2.4) and (5.3.3). It is worth saying that this
isomorphism includes even the non Hausdorff case, but the Steinberg
algebras are considered only over fields.

Therefore, we were able then to transport our version of the Effros-
Hahn conjecture to the case of Steinberg algebras through the isomor-
phism, as our initial goal. This is the content of Proposition (5.2.9) and
answers the initial question.

Furthermore, this answer stimulates new works in the tentative of
answering another interesting questions as:

e Should every primitive ideal in a Steinberg algebra be induced by
a primitive ideal in some isotropy group algebra?

e Could we use our results to obtain sufficient conditions on the
groupoid to ensure simplicity in the Steinberg algebra associated
with it?
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