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RESUMO

Estudamos a interacéo entre dlgebras de Steinberg e skew algebras de
grupos parciais e caracterizamos isomorfismos de skew dlgebras de gru-
pos que preservam diagonal, sobre algebras comutativas, em termos de
equivaléncia continua de orbitas das agbes parciais associadas. Mostra-
mos que qualquer algebra de Steinberg, associada a um grupoide amplo
e Hausdorff, pode ser visto como uma skew algebra de semigrupos in-
Verso.

Provamos que dada uma acdo parcial de um semigrupo inverso .S em
um anel comutativo A, o skew anel de semigrupo inverso A x S é sim-
ples se, e somente se, A é um subanel comutativo maximal de A x S e
A é S-simples. Aplicamos este resultado no contexto de agbes de semi-
grupos inversos topolégicos para conectar a simplicidade do skew anel
de semigrupo inverso associado com propriedades topolégicas da agao,
e apresentamos uma nova prova do critério de simplicidade para uma
dlgebra de Steinberg associada a um grupoide amplo e Hausdorff (ver
[13, Corollary 4.6]).

De maneira semelhante & Exel em [28], construimos o grupoide de ger-
mes associado a uma acao parcial de semigrupo inverso. Descrevemos
a algebra de Steinberg de um grupoide de germes amplo e Hausdorff
como uma skew algebra de semigrupo inverso. Também provamos que,
sob hipoteses naturais, a direcao oposta é vilida. Finalizamos esta tese
com uma descri¢do e estudo de equivaléncia continua de 6rbitas para
acoes parciais topologicalmente principais de semigrupos inversos, e
aplicamos nossos resultados em algebras de caminhos de Leavitt.

Esta tese for baseada nos artigos: [5], [3] and [2].

Palavras chaves: Semigrupos inversos. A¢oes parciais. skew algebras
de semigrupos inversos. Algebras de Steinberg. Grupoides de germes.

Acdes topologicalmente principais. Equivaléncia continua de érbitas.






ABSTRACT

We study the interplay between Steinberg algebras and partial skew
group algebras and we characterize diagonal-preserving isomorphisms
of partial skew group algebras, over commutative algebras, in terms of
continuous orbit equivalence of the associated partial actions. We show
that any Steinberg algebra, associated to an ample Hausdorff groupoid,
can be seen as a skew inverse semigroup algebra.

We prove that given a partial action of an inverse semigroup S on a
commutative ring A, the skew inverse semigroup ring A x S is simple
if, and only if, A is a maximal commutative subring of A x S and A
is S-simple. We apply this result in the context of topological inverse
semigroup actions to connect simplicity of the associated skew inverse
semigroup ring with topological properties of the action, and we present
a new proof of the simplicity criterion for a Steinberg algebra associated
with a Hausdorff ample groupoid (see [13, Corollary 4.6]).

In a manner similar to Exel em [28] we construct the groupoid of germs
associated to a partial action of inverse semigroups. We describe the
Steinberg algebra of an ample Hausdorff groupoid of germs as a par-
tial skew inverse semigroup algebra. We also prove that, under natural
hypotheses, the converse holds. We finish this thesis with a description
and study of orbit equivalence for partial actions of inverse semigroups,
and we apply our results in Leavitt path algebras.

This thesis is built on the three articles: [5], [3] and [2].

Key-words: Inverse semigroups. Groupoids. Partial actions. Skew in-
verse semigroup algebras. Steinberg algebras. Groupoid of germs. Topo-

logically principal actions. Continuous orbit equivalence.






RESUMO EXPANDIDO

Introducao

A nocéo de acao parcial de grupos em C*-dlgebras e a construcao de
seu C*-produto cruzado associado foram inicialmente introduzidas por
Exel em [26]. Estas C*-algebras se mostraram ferramentas poderosas no
estudo de diversas C*-4lgebras, por exemplo, dlgebras de Cuntz-Krieger
[31], dlgebras de Cuntz-Li [6], C*-dlgebras de grafos [11], C*-algebras
de ultragrafos [41, 38] e dlgebras associadas a diagramas de Bratteli
[34, 39], para citar algumas.

Os resultados de [28] provam que agdes parciais de grupos podem ser
interpretadas como agoes de semigrupos inversos, que foram introdu-
zidas em [68]. Além disso, agdes de semigrupos inversos podem ser
usadas para descrever certas C*-dlgebras como produtos cruzados [60,
Teorema 3.3.1]. Embora as abordagens acima sejam semelhantes em
alguns aspectos, cada uma delas tem suas vantagens e desvantagens -
por exemplo, agdes de semigrupos inversos respeitam a operagdo com-
pletamente, enquanto grupos tém, em geral, uma estrutura algébrica
melhor do que semigrupos inversos.

Acoes parciais de grupos e agbes de semigrupos inversos podem ser
generalizadas simultaneamente pela nocao de agoes parciais de semi-
grupos inversos. Definida em [10], uma a¢do parcial de um semigrupo
inverso S em um conjunto X é um homomorfismo parcial § de semigru-
pos inversos de S no semigrupos inverso de todas as bijegoes parciais
de X. Em contraste com as agoes de semigrupos, nao exigimos que a
operagao do semigrupo S seja completamente respeitada - apenas que
O(ts) seja uma extensdo de 6(t)0(s), para quaisquer t,s € S.

Em um contexto puramente algébrico, os skew anéis de grupos parciais
introduzidos por Dokuchaev e Exel em [24], sdo uma generalizagdo dos
classicos skew anéis de grupos, e também sao um andlogo algébrico de
C*-produtos cruzados parciais. Assim como no nivel de C*-algebras,

algumas classes importantes de algebras, tais como dlgebras de cami-



nhos de Leavitt de grafos e ultragrafos, podem ser descritas como skew
anéis de grupos parciais (ver [40, 43]). Dokuchaev apresenta uma visdo
abrangente dos desenvolvimentos na teoria de agbes parciais de grupos
em [23].

Baseado no trabalho de Néndor Sieben (ver [68]), a classe de skew
algebras de semigrupos inversos foi introduzida por Exel e Vieira em
[33]. De fato, os resultados de [33] provam que as skew &lgebras de
grupos parciais sao isomorfas a certas skew &dlgebras de semigrupos
inversos (ver [33, Teorema 3.7]).

As dlgebras de Steinberg, introduzidas em [73], sdo versdes algébricas
das C*-algebras de grupoides amplos (possivelmente ndo Hausdorff),
previamente introduzidas por Renault [64]. Independentemente, Clark
et al. introduziram em [16] a mesma classe de algebras, porém restritas
a classe de grupoides amplos e Hausdorff. O desenvolvimento da teo-
ria das algebras de Steinberg tem atraido muita atencao ultimamente,
em vista do fato que algebras de Steinberg incluem, em particular, as
algebras de Kumjian-Pask de grafos de grau alto (higher rank graphs)
introduzidas em [62] (que por sua vez incluem &lgebras de caminhos de
Leavitt). Ver [13], [17] e [74] para mais detalhes sobre o desenvolvimento

da teoria.

Objetivos

Vincular a teoria dos skew anéis de grupos parciais com a teoria das
algebras de Steinberg, da mesma forma que a teoria dos C*-produtos
cruzados parciais estd ligada & teoria das C*-dlgebras de grupoides.
Em particular, fornecer uma verséo algébrica do resultado de Abadie
(ver [1]) que mostra que qualquer produto cruzado parcial, associado
a uma agao parcial de um grupo em um espaco topolégico, pode ser
visto como uma C*-algebra de grupoide. A versao algébrica desse teo-
rema nos permitird unir resultados de Li (ver [52]), sobre equivaléncia
continua de érbitas de acgoes parciais de grupos em espagos topoldgi-
cos, e resultados de Carlsen e Rout (ver [12]), sobre isomorfismo que

preservam diagonal entre dlgebras de Steinberg, para apresentar re-



sultados referentes a isomorfismos de skew dlgebras (comutativas) de
grupos parciais que preservam diagonais. Provar no contexto algébrico
os teoremas [60, Teorema 3.3.1] e [63, Teorema 8.1].

Estudar e caracterizar a simplicidade de skew anéis parciais associados
a agoes parciais de semigrupos inversos em anéis comutativos, generali-
zando os resultados apresentados em [59] e [37]. Aplicar estes resultados
no contexto de acoes parciais topologicas de semigrupos inversos para
conectar a simplicidade do skew anel de semigrupo inverso parcial as-
sociado com propriedades topoldgicas da agao parcial. Além disso, usar
nosso resultado e os resultados descritos no primeiro paragrafo para
apresentar uma nova prova do critério de simplicidade para uma alge-
bra de Steinberg associada a um grupoide amplo e Hausdorff (ver [13,
Corollary 4.6]).

Generalizar os primeiros resultados obtidos sobre ag¢oes topoldgicas par-
ciais de grupos para acoes topoldgicas parciais de semigrupos inversos:
Descrever a dlgebra de Steinberg de um grupoide de germes amplo e
Hausdorff como uma skew algebra de semigrupo inverso parcial; Defi-
nir e estudar equivaléncia continua de érbitas para agdes parciais de
semigrupos inversos, e se possivel, dar uma caracterizacao equivalente
em termos de isomorfismo de skew algebras de semigrupos inversos que
preservam diagonais. Analisar sob quais condigbes as skew algebras de
semigrupos inversos parciais podem ser realizados como &lgebras de
Steinberg. Por fim, conectar as nogoes de equivaléncia continua de 6r-
bitas de ac¢des de semigrupos inversos, equivaléncia continua de grafos
(ver [9, Definigdo 3.1]), e isomorfismo entre algebras de caminho de
Leavitt.

Metodologia

Pesquisa bibliogréafica, principalmente artigos publicados em jornais
conceituados, e discussoes frequentes sobre os objetivos e resultados
ja obtidos, bem como os problemas a serem resolvidos e dificuldades
encontradas, com o orientador e demais pesquisadores envolvidos neste
trabalho.



Resultados e Discussao

Dada uma agéo parcial de um grupo discreto em um espago topoldgico
localmente compacto, Hausdorff e zero-dimensional, provamos que a al-
gebra de Steinberg do grupoide de transformacao associado a esta acao
parcial é isomorfo a skew algebra de semigrupo inverso. Em seguida,
aplicamos esta interpretacao e caracterizamos isomorfismos que preser-
vam diagonais entre skew dlgebras (comutativas) de grupos parciais em
termos de equivaléncia continua de érbitas quando considerando agoes
parciais topologicamente principais (ver Teorema 2.2.16). Mostramos
que qualquer algebra de Steinberg, associada a um grupoide amplo e
Hausdorff, pode ser descrita como uma skew algebra de semigrupo in-
verso parcial (ver Teorema 2.3.1).

Provamos que dada uma acgao parcial de um semigrupo inverso .S em
um anel comutativo A, o skew anel de semigrupo inverso parcial A xS
é simples se, e somente se, A é uma subanel comutativo maximal de
AxS e Aé S-simples (ver Teorema 3.1.5). Aplicamos este resultado no
contexto de sistemas dinamicos topologicos: dada uma agao parcial to-
polégica de um semigrupo inverso em um espaco localmente compacto,
Hausdorff e zero-dimensional, mostramos que o skew anel de semigrupo
inverso parcial associado é simples se, e somente se, a agdo parcial é
minimal, topologicamente principal e satisfaz uma certa condicao so-
bre a existéncia de fun¢Ges com suporte nao vazio nos ideais do skew
anel de semigrupo inverso. (ver Teorema 3.2.18). Além do mais, com
o resultado principal deste capitulo (ver Teorema 3.1.5), conseguimos
apresentar uma nova prova de [13, Corollary 4.6], como desejado.
Extendemos a construcdo de grupoides de germes de [28] para agoes
parciais de semigrupos inversos, de modo a também extender grupoi-
des de transformacao de agoes parciais de grupos. Como desejado, des-
crevemos a algebra de Steinberg de um grupoide de germes amplo e
Hausdorff como uma skew dlgebra de semigrupos inverso parcial (ver
Teorema 4.3.4) e, portanto, generalizamos os Teoremas 2.1.1 e 2.3.1
apresentados anteriormente. Descrevemos equivaléncia continua de ér-

bitas para acOes parciais topologicamente principais de semigrupos in-



versos, e damos uma caracterizagao equivalente em termos da existéncia
de um isomorfismo preservando as diagonais entre as skew algebras de
semigrupos inversos parciais associadas, de isomorfismos preservando
diagonais entre as dlgebras de Steinberg dos grupoides de germes asso-
ciados, bem como de isomorfismos entre os pseudogrupos topolégicos
plenos (ver Teorema 4.5.11). Finalizamos este trabalho com uma aplica-
¢ao de nossos resultados, interpretando algebras de caminho de Leavitt
como skew algebras de semigrupos inversos, e com isto caracterizamos
equivaléncia continua de orbitas de grafos em termos de equivaléncia

continua de érbitas de certas agoes de semigrupos inversos associadas.

Consideragoes Finais

A definicao de uma skew algebra de semigrupo inverso parcial envolve
um quociente por um certo ideal, que é motivado pela definicao C*-
algébrica de produtos cruzados por semigrupos inversos. Em geral, este
quociente faz com que estas algebras nao sejam graduadas, diferente-
mente do caso das skew algebra de grupos (e de fato s6 ocorre nesta
situacao). Este fato amplia as dificuldades para provar resultados ana-
logos aos existentes no contexto de agdes parciais de grupos.

De modo geral obtemos os resultados desejados, embora alguns pontos
tenham sido inesperados. A medida em que generalizamos alguns con-
ceitos, claramente perdemos alguns resultados, por exemplo, na carac-
terizacao de simplicidade do skew anel de um semigrupo inverso parcial
proveniente de uma acao parcial topoldégica de semigrupo inverso nao
é suficiente que acdo parcial envolvida seja minimal e topologicamente
efetiva (como no caso de agoes parciais de grupos). Foi necessiria a
adigdo de uma condigdo sobre o suporte de algumas fungdes (ver Teo-
rema 3.2.18). Alids, fica a pergunta: Quais sdo as condigbes necessérias
e suficientes apenas sobre a acdo parcial topolégica para que o skew
anel de semigrupo inverso parcial associado seja simples? A teoria sobre
skew &lgebras de semigrupos inversos (parciais) ainda é muito recente

e ainda h& muito a ser explorada.



Palavras chaves: Semigrupos inversos. A¢oes parciais. skew algebras
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INTRODUCTION

The well-know Wagner-Preston representation theorem states
that every inverse semigroup can be faithfully represented by an inverse
subsemigroup of Z(X), where Z(X) is the inverse semigroup formed by
all partial bijections for some set X. More precisely, an inverse semi-
group S embeds into Z(S) by means of the homomorphism v : S —
Z(S) given by v(s) = vs : Xs« — X5, where X, = {t € S : #t* < s8*}
and 7ys(z) = sz (see Theorem 1.1.7). An action of an inverse semi-
group S on a set X is simply an inverse semigroup homomorphism
0 : S — Z(X). In particular, the map + is an example of an inverse
semigroup action.

An inverse semigroup may act, for example, on a topological
space or on an algebra, and in these settings we consider actions which
preserve the topological or algebraic structure at hand. More specifi-
cally, we will be particularly interested in two classes of topological
actions: the canonical action of the inverse semigroup of compact-open
bisections G% of an ample Hausdorff groupoid G on its unit space G(¥)
(see Example 1.5.9); and, given a directed graph E, the canonical ac-
tion of the “graph inverse semigroup” Sg on the boundary path space
OF (see Example 1.5.13).

In an algebraic context, inverse semigroup actions on algebras
(or rings) induce other algebras (rings), which we will call skew inverse
semigroup algebras (rings), which retain information about the initial
dynamical system. From the two actions mentioned in the previous pa-
ragraph (the first associated to a groupoid G and the other associated
to a directed graph F) we obtain, in a similar manner, actions on the
algebras consisting of all locally constant, compactly supported func-
tions on G(9 and on OF, respectively, taking values in a given (unital
commutative) ring R. The skew inverse semigroup algebras obtained in

this manner are isomorphic to the Steinberg algebra of G and to the
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Leavitt path algebra of F, respectively (see Theorem 2.3.1 and Propo-
sition 4.6.6).

Closely related with actions of inverse semigroups are the partial
actions of groups. The notion of partial action of groups on C*-algebras,
and the construction of their associated crossed product C*-algebra was
initially introduced by Exel in [26]. These have proven to be a powerful
tool in the study of many C*-algebras, e.g. Cuntz-Krieger algebras [31],
Cuntz-Li algebras [6], graph C*-algebras [11], ultragraph C*-algebras
[41, 38|, and algebras associated with Bratteli diagrams [34, 39], to
name a few. In fact, the results of [28] prove that partial group actions
can be regarded as actions of inverse semigroups, which were already
considered in [68]. Furthermore, actions of inverse semigroups can be
used to describe groupoid C*-algebras as crossed products by inverse
semigroups [60, Theorem 3.3.1]. Although the above approaches are si-
milar in some respects, each of them has its advantages and drawbacks
— for example, actions of inverse semigroups respect the operation com-
pletely, whereas groups have, overall, a better algebraic structure than
general inverse semigroups.

Partial actions of groups and actions of inverse semigroups can
be simultaneously generalized by the notion of partial actions of inverse
semigroups. Defined in [10], a partial action of the inverse semigroup S
on a set X is a partial homomorphism (or dual pre-homomorphism) of
inverse semigroups 6 : S — Z(X). In contrast with semigroup actions,
we require only that 6(ts) is an extension of 8(¢)6(s), for all t,s € S.

In a purely algebraic context, partial skew group rings were in-
troduced by Dokuchaev and Exel [24], as a generalization of classical
skew group rings and as an algebraic analogue of partial crossed pro-
duct C*-algebras. The theory has attracted strong interest lately, as
some important classes of algebra, such as graph and ultragraph Lea-
vitt path algebras, have been shown to be partial skew group algebras
(see [40, 43]). See [23] for a comprehensive overview of developments in
the theory of partial actions of groups.

Based on work by Nandor Sieben (see [68]), the class of skew
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inverse semigroup algebras was introduced first by Exel and Vieira in
[33], in the case of global actions, and then later by Shourijeh and
Rahni [67] in the case of partial actions. In fact, the results of [33]
prove that partial skew group algebras are isomorphic to certain skew
inverse semigroups algebras (see [33, Theorem 3.7]).

Steinberg algebras are isomorphic to a certain skew inverse se-
migroup algebras (see Theorem 2.3.1). These algebras, introduced by
Steinberg in [73], are associated to (possibly non-Hausdorff) ample
groupoids and are the “algebraisation” of Renault’s C*-algebras of
groupoids. Independently, Clark et al. in [16] introduced the same class
of algebras, however restricted to the class of Hausdorff ample grou-
poids. The development of the theory of Steinberg algebras has attrac-
ted a lot of attention lately. In particular, Steinberg algebras include
the Kumjian—Pask algebras of higher-rank graphs introduced in [62]
(which in turn include Leavitt path algebras). See [13], [17] and [74] for
a few examples of the development of the theory.

In this thesis, we shall be concerned with partial dynamical sys-
tems of inverse semigroups as well as the properties of their associa-
ted partial skew inverse semigroup algebras (rings). It is important to
emphasize that this thesis is built on three articles written during my
doctorate: [5], [3] and [2]). Chapters 2, 3 and 4 are similar to each of
these articles, respectively. The work is organized as follows:

In the first chapter we set up the notation and conventions that
we use throughout out the thesis. We recall some important properties
of inverse semigroups, topological groupoids and Steinberg algebras as-
sociated to ample groupoids. We discuss different ways of defining par-
tial actions of inverse semigroups, and the construction of the partial
skew inverse semigroup algebras (and rings). We present the universal
property for both Steinberg algebras as well as for skew inverse semi-
group algebras.

In the second chapter we study the interplay between Steinberg
algebras and skew group algebras: For a partial action of a group in a

Hausdorff, locally compact and zero-dimensional topological space, we
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realize the associated partial skew group algebra as a Steinberg alge-
bra over the transformation groupoid attached to the partial action.
We then apply this realization to characterize diagonal-preserving iso-
morphisms of partial skew group algebras, over commutative algebras,
in terms of continuous orbit equivalence of the associated partial ac-
tions. We finish this chapter by showing that any Steinberg algebra,
associated to an ample Hausdorfl groupoid, can be seen as a partial
skew inverse semigroup algebra.

We have already mentioned that given a partial action 6 of an
inverse semigroup S on a ring A one may construct its associated skew
inverse semigroup ring A x, S. In the third chapter, our main result
asserts that, when A is commutative, the ring A X, S is simple if,
and only if, A is a maximal commutative subring of A x, S and A
is S-simple (see Theorem 3.1.5). We apply this result in the context
of topological inverse semigroup actions to connect simplicity of the
associated skew inverse semigroup ring with topological properties of
the action. Furthermore, we use our result to present a new proof of
the simplicity criterion for a Steinberg algebra Agr(G) associated with
a Hausdorff ample groupoid G.

In the last chapter, we construct the groupoid of germs associated
to a partial action of inverse semigroups in a manner similar to Exel’s
groupoid of germs and which generalize transformation groupoids. We
describe the Steinberg algebra of an ample Hausdorff groupoid of germs
as a partial skew inverse semigroup algebra (see Theorem 4.3.4), and
therefore we generalizae Theorems 2.1.1 and 2.3.1. We also prove that,
under natural hypotheses, the converse holds, that is, partial skew in-
verse semigroup algebras (of appropriate algebras) may be realized as
Steinberg algebras. We describe and study the orbit equivalence for
partial actions of inverse semigroups, and we give an equivalent charac-
terization in terms of diagonal preserving isomorphism of skew inverse
semigroup algebras, as well of topological full pseudogroups. We finish
this thesis with an application of our results, by realizing Leavitt path

algebras as skew inverse semigroup algebras, and we characterize orbit
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equivalence of directed graphs in terms of continuous orbit equivalence
of associated actions. This chapter generalizes previous work of the se-
cond chapter as well as from others, which dealt mostly with actions of

semigroups or partial actions of groups.
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1 PRELIMINARIES

In this chapter, we will introduce concepts and notations that
will be used throughout this thesis and several results, which are well-
known from the literature. The most important and used results will
be proven, while the trivial be referred.

Throughout this chapter, we will introduce the concepts of in-
verse semigroups, groupoids, Steinberg algebras, partial actions of in-
verse semigroup and the construction of partial skew inverse semigroup

algebras.

1.1 Inverse semigroups

We will start by presenting the basic theory of inverse semi-
groups. Before this, recall that a poset (partially ordered set ) (P, <)

1S:

o A-semilattice (read “meet semilattice”) if every pair of elements

s,t € P admits infimum, and we denote it by s A ¢.

o V-semilattice (read “join semilattice”) if every pair of elements

s,t € P admits supremum, and we denote it by s V t.
e [attice if it is both A-semilattice and V-semilattice.

A semigroup is a set S endowed with an associative binary ope-

ration

(s,t) — st.

Many interesting semigroups have a zero element, that is, there is an
element 0 € S such that

0s=s0=0, forall sesS.
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We say that semigroup S is a monoid if it has a unit, that is, if there

is an element 1 € S such that
ls=sl=s, forallseS.

Both the zero and unit of a semigroup are unique, when they exist.

An inverse of an element s € S is an element ¢ € S such that
sts=s and tst = t.

A semigroup is regular if every element s admits an inverse, and we say
that S is an inverse semigroup if every s € S admits a unique inverse,
which we denote by s* in this case. In an inverse semigroup, the inverse

operation defines an involution, that is,
(s*)*=s and (st)" =t*s*, forallsteb.

A subsemigroup of a semigroup S is a subset P C S which is
closed under the semigroup operation. Every subsemigroup P of an
inverse semigroup S, which is itself regular is, in fact, closed under
inverses of S, and so is an inverse semigroup on its own right. We call
such P an inverse subsemigroup of S.

Given an inverse semigroup S, one may prove that the collection

of idempotent elements in S, namely
E(S)={ec S|e*=e},

is a commutative inverse subsemigroup of S (see [48, Theorem 1.1.3]).
It immediately follows that if e in F(S), then e¢* = e, and hence e can

be thought of as a “projection”. Notice that if s € S, then
(s5%)% = s(s*s5™) = 85",
so ss* € E(S). On the other hand, if e € E(S), then e = ee*. Hence,
E(S)={ss"|se€ S}.

Notice that meet semilattices are precisely the inverse semigroups in

which every element is an idempotent (see [48, Proposition 1.4.9]).
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Example 1.1.1. Groups are precisely the inverse semigroups which
have only one idempotent. Indeed the only idempotent of a group is its
unit. Conversely, if an inverse semigroup S has only one idempotent,
denoted by e, then, for all s € S, s*s = e = ss*, and es = (ss%)s = s =

s(s*s) = se, which means that S is a group.
We define a partial order on F(S) by
e<f << e=ef, foralle, feE(S),

which makes E(S) a A-semilattice, meaning that, for every e and f
in E(S), there exists a largest element which is smaller than e and f,
namely ef. The order on E(S) extends to S as the so-called natural
partial order defined by

s<t <<= s=ts's <= s=ss"t.

It is compatible with the product and inverse operations in the sense
that
s<t, u<v = su<ty,

and,
s<t <<= st

(see [48, Proposition 1.2.7.(3)]).

Example 1.1.2. Groups are the inverse semigroups for which the na-
tural partial order is equality. Indeed, the natural partial order of a
group is easily seen to be equality. Conversely, suppose that S is an
inverse semigroup whose natural partial order is the equality relation.
If e and f are two idempotents, then ef < e and ef < f, but the na-
tural partial order is equality, so e = ef = f. Thus S has exactly one

idempotent and, by Example 1.1.1, S is a group.

Example 1.1.3. Let X be an arbitrary set. It is easy to see that the
power set P(X) is a commutative inverse semigroup with respect to
intersection of sets. Moreover, E(P(X)) = P(X), the natural partial
order is the inclusion of sets and P(X) has unit and zero, which are X

and @, respectively.
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Example 1.1.4. Every A-semilattice is an inverse semigroup with the

meet as the operation: zy =z A y.

Example 1.1.5. Let S = N U {o0,2} be the disjoint union of the
lattice N and a two-elements set {co, z} with the product given by, for

m,n € N,
nm = min{n,m}, noo=ocon =nz=zn=n,

zoo =00z =2z and 2zz= 0000 = 00.

In other words, S is the inverse semigroup obtained by adjoining the
lattice N to the group of order 2 {co, 2}, in a way that every element
of N is smaller than z and oco. Notice that E(S) = NU {oo}, 0 is the

zero element of S and s* = s forall s € S.

Inverse semigroups are most easily understood in terms of partial
bijections. Let X be a set. By a partially defined map on X, we mean
amap f: A — B, where A and B are subsets of X. We denote the
set of all partial bijections of X, including the empty function @ — &,
by Z(X). Given f € Z(X), we denote the domain and image of f by
dom(f) and im(f), respectively. Let f and g be two partial bijections
of X. Then their composite is a partial function fog, where the domain
of f og is given by

g~ (dom(f) Nim(g))

and if z € dom(f o g) then (f o g)(z) = f(g(z)). The image of fog is

f(dom(f) Mim(g)).

The case where dom(f) and im(g) have an empty intersection causes no
problems: f o g is just the empty function. All identity maps of subsets
of X are partial bijections. If f is a partial bijection of X then the
inverse function f~! is the inverse element of f.

The composition operation defined above endows Z(X) with a
structure of an inverse monoid with zero @ — @, called the symmetric

inverse semigroup of X. The idempotents of Z(X) are precisely the
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identity maps defined of subsets of X. The partial order among general
elements of Z(X) is the order given by “extension”, meaning that, for
any f and ¢ in Z(X), we have that f < g if, and only if,

dom(f) Cdom(g) and f(x)=g(z), for all z € dom(f).

Just as an analogue to Cayley’s theorem for groups, the Wagner-
Preston representation theorem states that every inverse semigroup can
be realized as an inverse subsemigroup of some Z(X) (see Theorem 1.1.7
below).

Example 1.1.6. Let X be a non-empty set and let f be a bijection
of X. We denote by [[f]] the subset of Z(X) consisting of all partial
bijections g of X for which there is a finite partition Xi,---, Xy of

dom(g) and a set of integers {ny,--- ,ng} such that g|x,

= f"x,, for
all i € {1,--- ,k}. Then [[f]] is an inverse subsemigroup of I(X).

1.1.1 Partial homomorphisms

Homomorphisms between inverse semigroups S and T are just

semigroup homomorphisms, that is, maps ¢ : .S — T such that
w(sr) = p(s)p(r), forall s,reS.

It is easy to see that if ¢ : S — T is a homomorphism between

inverse semigroups then:
o if e € E(S), then p(e) € E(T);
e o preserves the involution, that is, p(s*) = ¢(s)*, for all s € S;
e ¢ preserves the order, that is, ¢(s) < ¢(r) whenever s < r;

e im((p) is an inverse subsemigroup of T’

if R is an inverse subsemigroup of T, then ¢ ~!(R) is an inverse

subsemigroup of S.
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Theorem 1.1.7. (Wagner-Preston representation theorem) Let S be
an inverse semigroup. Then there is a set X and an injective homo-
morphism ¢ : S — I(X).
Proof. For each element s € S, we define Dy = {t € S : tt* < ss*}, and
a map s : Dg« — Dy by

s (1) = sr.
This is well-defined, since for all s € S and r € Dy,

(sr)(sr)* = srr*s® < ss™.

Notice that v+ is a map from Dy to D+, that s« o 7, is the identity
on Dy~ and that 5 o v4« is the identity on D,. Hence v, is a bijection
and v; ! = v,+. We may thus define v : S — Z(S) by v(s) = s.

In order to prove that v; o vs = 745, we need to check that the

domains coincide, that is,
v H(Ds N D) = Dy -

If r € v7Y(Ds N Dyx) = Dy N y7Y(Dy+), then r € Dy~ and
st = 75(r) € Dy, which implies, respectively,

rr* <s's and sr(sr)" <t*t.
Then
rr =rr*(s"s)(s*s) = s*(srr¥s™)s < s*t'ts = (ts)*(ts),

and 80 1 € D)«
On the other hand, if 7 € D)+, then rr* < (ts)*(ts) = s*t*ts
and rr* < s*s. This implies that r € Dg«, and

Y5 (1) (v (1)) = srr¥s® < s(s*t*ts)s* = t*t,

that is, vs(r) € Dy«. We can conclude that 1 € Dy N5 1(Dy) =
’Y;l(Ds N Dt*)
It is immediate from the definitions that ~;y, and ;s have the

same effect on elements of D)~ and so 7y is a homomorphism.
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Finally, suppose that 75 = ;. Then
t = (t")t = vs(t7)t = st™t < s,

and symmetrically, s < t. Therefore, v : S — Z(S) is an isomorphism

of S on to inverse subsemigroup of Z(.5). O

Partial homomorphisms are a generalization of homomorphisms

of inverse semigroup.

Definition 1.1.8. [10, Definition 2.11] Let S be an inverse semigroup
and let T be a semigroup (not necessarily inverse). A partial homo-

morphism of S on T is a map ¢ : S — T that satisfies, for all s,r € 5,

(1) w(s)p(r)e(r™) = e(sr)p(r),

Notice that, if T" happens to be an inverse semigroup, then Defi-
nition 1.1.8 (iii), applied to both s and s*, together with the uniqueness

of inverses, immediately implies that

*

o(s*) =p(s)*, forallsesb. (iii”)

Hence, if T is an inverse semigroup, the axioms (i) - (iii) in Defini-

tion 1.1.8 are equivalent to (i)-(ii) plus (iii’).

Lemma 1.1.9. Let S be an inverse semigroup, let T be a semigroup

and let ¢ : S — T be a partial homomorphism. Then
(a) p(e) € E(T), for alle € E(S),

(b) ple)p(s) = p(es) and p(s)p(e) = p(se), for all s € S and e €
E(S).

Proof. (a) If e € E(S), then

o(e) "2 pe)p(er)p(e) 2 plee)p(e) = ple)p(e) = ple)?.
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(b) If s € S and e € E(S), then

(i)

ple)p(s) = ple)ple)p(s) = w(e)p(es)

= ple)p(es)pl(es) )ples) L ples)p((es))ples)

Similarly, p(s)¢(e) = @(se). O

Proposition 1.1.10. [10, Proposition 3.1] Let S,T be inverse semi-
groups and let ¢ : S — T be a map. Then ¢ is a partial homomorphism
if, and only if, for all s,r € S,

(i’) @(s)p(r) < p(sr),

(ii’) ¢(s) < @(r) whenever s <r,
(iii’) o(s*) = p(s)".

Proof. We assume that ¢ is a partial homomorphism. We have already
seen that (zi7") holds. Let s, € S. Then
(iid) . (4) .
p(s)e(r) = w(s)e(r)e(r)e(r) = p(sr)e(r)e(r)
(idi") B
=" p(sr)p(r) e(r) < p(sr),
proving (ii'). For ('), suppose that s < r. Then s = rs*s, and by
Lemma 1.1.9 (a), ¢(s*s) is idempotent. Thus

1.1.9 (b)

p(s) = p(rs"s) p(r)p(s™s) < p(r).

Conversely, suppose that (i') - (i27") hold. The axiom (iii) is im-
mediate from (iii'). Given s,r € S, we have that
Y] wy (i) . .
p(s)e(r)e(r’) < e(sr)p(r®) =" (sr)e(r*)e(r)e(rr)
(')
< @(srr7)e(r)e(r?) < o(s)e(r)e(rr),
where, in the last step, we used (i") and the fact that srr* < s. This

proves (i), and (ii) follows similarly. O
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Remark 1.1.11. Maps ¢ : S — T satisfying conditions (i") - ((iii"))
of Proposition 1.1.10 are sometimes called dual pre-homomorphisms by

some authors (for instance, in [51]).

Example 1.1.12. Let ¢ : S — T be a homomorphism between inverse
semigroups and let e be an idempotent of 7. Then the map ¢, : S —
T, defined by @(s) = ep(s)e, is a partial homomorphism, called the

“restriction” or “compression” of ¢ to e.

1.2 Groupoids

A groupoid consists of sets G and ¢ cgx g, endowed with a
product map (b, ¢) — be from G to G, and an inverse map b+ b~!
from G to itself, such that the following conditions hold:

(i) if (b,c) and (c,d) are in G, then so are (bc,d) and (b, cd), and
the equality (bc)d = b(cd) holds,

(ii) for all b € G, the pairs (b,b~') and (b=, b) belong to G and, if
(b,c) € GP| then b~ (bc) = c and (be)c™! = b.

There are two maps associated to a groupoid, called range and

source, which are defined from G to itself by
t(b) =bb~t and s(b) =b"'b,

respectively. We call the common image of v and s the unit space of G
and denote it by G(9. The set G is called the set of composable pairs
of the groupoid. The product bc of elements b, ¢ of G is defined if, and
only if, 5(b) = t(c).

Basic facts that follow immediately are:
e bs(b) =b=r(b)b, for all b € G,
e 5(b71) =t(b) and t(b=1) = 5(b), for all b € G,

o if ue GO then u™! = u,
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o if u,v € G then (u,v) € G if, and only if, u = v,

o if bc =d € G, then (¢71,01) € GO, d=' =171, ¢(d) = ¢(b),
and s(d) = s(c),

e GO =1be G| (bd) € G? and b* = b}.

An elegant way to specify a groupoid is to define it as a small
category with inverses. Let G be such a category. Since the category
is “small”, its objects form a set G(©) of G. The groupoid G is then
identified with its set of morphisms, whose elements are “arrows” b

from one object s(b) to another t(b).

: ()

5(b)e ———— +t(b) s(b) = t(b)

The product operation is simply the composition of arrows. Since

the category G has inverses, every member b of G has an inverse b~!.

By identifying objects with their respective identity morphisms,
we see that the source and range maps act from G onto G(©).

Obviously, a product bc of elements b, ¢ of G makes sense if, and
only if, s(b) = t(c), since the equality just says that the range of ¢ is the

same as the source of b, so that the morphisms b, ¢ can be composed.

c b
s(c) oS g - t(b)

be

Example 1.2.1. The diagram below represents the groupoid G =
{u,v,b,c} with unit space G0 = {u,v}.
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b
/\
Co 0

This diagram uniquely determines the product and inverse operation
of G. Notice that u™! =u, v !=w, b™'=cand ¢! =b.

Example 1.2.2. Every group is a groupoid in which all pairs are com-
posable and the unit space has only one element, which is the unit of

the group.

Example 1.2.3. Let X be a set. Then an equivalence relation R on X
has a groupoid structure as follows: (z,y), (v, z) € R are composable if
y =1y and (z,9)(y',2) = (z,2), and (z,y)~" = (y,). Then, v(z,y) =
(z,z) and s(x,y) = (y,y). The unit space of R is the diagonal {(x,z) |

x € X} and may be identified with X.

Example 1.2.4. Suppose that the group G acts on the set X. The
image of the point = € S by the transformation associated to g € G
is denoted gx. We let G = G x X and define the following groupoid
structure: (g,x) and (h,y) are composable if, and only if, 2 = hy and
(9,2)(h,y) = (gh.y), and (g,z)~" = (97, gx). Then v(g,z) = (1, gz)
and s(g, ) = (1,x). The map (1,z) — z identifies G(©) with X.

Example 1.2.5. [48, Proposition 3.1.4] An inverse semigroup S is a
groupoid G(S) when its product is sutiably restricted. More precisely,
as a set, G(5) is just the inverse semigroup S. The set of composable
pairs G(S)® is the set {(s,t) € S x S | s*s = tt*}. The product map
on G(S)®) is just the (restricted) product in S and, for s € S, we take
571 = s*. Then s(s) = s*s, t(s) = ss*, and G(S)0 = {s*s | s €
S} = E(S). We call G(S) the associated groupoid or restricted product
groupoid of S.
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Let G and H be groupoids. A map ¢ : G — H is a groupoid
homomorphism if (b, c) € G implies (¢(b), ¢(c)) € H? and

p(b)p(c) = p(be).

A homomorphism ¢ : G — H between groupoids satisfies the

following assertions:
e p(b~Y) =)L forallbe g,
o if u€ GO then p(u) € GO,

* (s(b)) = s(p(b)) and @(x(b)) = t(p(b)), for all b € G,

1

e if ¢ is invertible, then ¢~ is also a groupoid homorphism. In this

case we say ¢ is an isomorphism.

For each unit u € G(9, we define
Gu={begG : s(b)=u} and G*={beG : t(b) =u}.

It is easy to see that G := G, N G" is a group when endowed with the

product operation coming from G, and it is called the isotropy group at

u. We say that a unit u in G(O) has trivial isotropy if G* = {u}.
Notice that the set

Iso(G) ={be G |s(b) =r(0)} = |J Gu.

u€G0)

is a groupoid, where two elements may be composed if, and only if,
they lie in the same isotropy group GY. The groupoid Iso(G) is called
the isotropy subgroupoid of G.

A groupoid is principal if Iso(G) = G(¥). Every equivalence rela-
tion R on set X is a principal groupoid. Conversely, if G is a principal
groupoid, then the image of the map (t,s) : G — G(@ x GO defined
by (t,5)(b) = (v(b),s(b)), is an equivalence relation on G(¥), and (r,s)

is a isomorphism of G on its image.
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1.2.1 Topological groupoids

A topological groupoid is a groupoid G endowed with a topology
such that composition and inversion are continuous, where we consider
the product topology on G(?).

Notice that if G is a topological groupoid, then the maps t, s are
continuous. Moreover, if we assume that G is Hausdorff, then the unit
space G is closed in G.

An étale groupoid is a topological groupoid G such that G(© is
locally compact and Hausdorff in the relative topology, and its range
map is a local homeomorphism from G to G (the source map will
consequently share such property).

For any étale groupoid G, the unit space G(©) is an open subset of
G. Indeed, let g € G There is an open subset B of G containing xg,
such that v(B) is open in G(® and t: B — t(B) is a homeomorphism.
Notice that xg = t(z9) € B. Let U = v=1(B) N B. Then U is an open
subset of G containing g, and we claim that U C G Given y e U,
we have y € B, and t(y) € B. Since t(y) = t(t(y)) and v is injective on
B then y = t(y) € G,

In the next steps, we will describe an inverse semigroup which
is intrinsic to an étale groupoid, and which will be of fundamental
importance for this thesis.

We define the product and inverses for subsets of a groupoid G
as follows: If B and C' are subsets of a groupoid G, one may form the

following subsets of G:
BC={bceG|be B, ceC and s(b) =t(c)},

and
B~ '={v"'|be B}

A subset B of a groupoid G is called a bisection if the restrictions
of v and s to B are both injective. Equivalently, B is a bisection if, and
only if, BB~! and B~'B are contained in G(?).

Since the source and range maps are local homeomorphisms from

an étale groupoid G to its unit space GO, for every open bisection B



38 Chapter 1. Preliminaries

of G, we have that s and v are homeomorphisms from B onto s(B) and
t(B). Moreover, the collection consisting of all open bisections of G,
denoted by G°P, forms a basis for the topology of G (see [28, Proposi-
tion 3.5]).

Proposition 1.2.6. [60, Proposition 2.2.3 and 2.2.4] Let G be an étale
groupoid. Then G°P is an inverse semigroup under set product and with

set inversion as involution. Moreover,
(a) GO s the unit of G,
(b) @ is the zero for G°P,
(c) E(GP) is the family of open subsets of G0,
(d) the natural order of the inverse semigroup G°P is set inclusion.

Using the notation of [60], we denote by G* the set of all bisecti-

ons of G which are simultaneously compact and open (compact-open).

Definition 1.2.7. An étale groupoid G is ample if it admits a basis of

compact-open bisections.

Proposition 1.2.8. [49, Proposition 2.18(7)] Let G be an ample grou-
poid. Then G* is an inverse subsemigroup of G°P). Moreover, GO is

compact if, and only if, the inverse semigroup G* has a unit.

Proof. We have already seen that the product of two open bisections is
an open bisection, then, only the compactness remains to be checked.
Since GO is Hausdorff, then

G = {(a,0) € G x G | s(a) =x(0)} = (s x ) ({(w,0) [ue g}

is closed in G X G.
If A,B € G°%, then A x B is a compact subset of G x G, and
thus (A x B) N G® is compact as well. Denoting by m : G} — G the

product map, we have

AB :m((A x B) mg<2>),
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which is then image of a compact set under a continuous function, hence

compact. O

Recall that a topological space X is said to be zero-dimensional
if the topology of X admits a basis consisting of clopen sets. If, in
addition, X is locally compact, it is easy to see that X also admits a

basis formed by compact-open sets.

Proposition 1.2.9. [29, Proposition 4.1] Let G be an étale groupoid.

Then GO is zero-dimensional if, and only if, G is ample.

Proof. Suppose that G(9) is zero-dimensional and that ¢ € U C G, with
U open. Choose an open bisection B such that ¢ € B C U. Thus,
as s(B) is open and G is zero-dimensional, there is a compact-open
subset T of G(9) such that s(c) € T C s(B). Since s is a homeomorphism
from B to s(B), we have that the set K = BNs (T is homeomorphic
to T and, therefore, K is a compact-open bisection as required.

The converse follows immediately from the source map s : G —
G being open and Hausdorff. With more details: If G is ample, then
let U be an open subset of G(9). Since G(9) is open in G, then U is open
in G is well, so we may write it as a union U = (J,c; Ci, where each
C; is compact-open. Since G(9 is Hausdorff, then each C; is clopen in
G This proves that G(©) is zero-dimensional. O

Example 1.2.10. A topological group G is étale if, and only if, G is

ample if, and only if, GG is a discrete group.

Example 1.2.11. A Hausdorff, locally compact and zero-dimensional
topological space X seen as a unit groupoid (this means that X = X (0))

is a Hausdorff ample groupoid.

Example 1.2.12. If G is a discrete group acting continuously on a
Hausdorff, locally compact and zero-dimensional topological space X,
then the transformation groupoid G x X endowed with the product
topology is a Hausdorff ample groupoid.
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Example 1.2.13. Let X be a discrete topological space. Then the
equivalence relation R = X x X endowed with the product topology is

an ample Hausdorff groupoid.

Example 1.2.14. It is not necessarily true that an ample groupoid is
Hausdorff. For example, let S = NU {co, z} as in the Example 1.1.5,
and let G(S) = NU {00, 2} be the restricted product groupoid (see
Example 1.2.5). We see NU {o0, z} as a topological groupoid with the
topology whose open sets are either cofinite or contained in N. Notice
that NU {00, z} is ample groupoid, but in this case, there are no open

subsets of X which separate the elements oo and z.

Example 1.2.15. (Deaconu—Renault groupoids) Let X be a Hausdorff
locally compact topological space and let ¢ be a local homeomorphism
from an open subset dom(p) of X onto an open subset im(y) of X.

The Deaconu-Renault groupoid associated to ¢ is
G(X ) ={(z,m—n,y) € X xZx X [ ¢"(x) = ¢"(y)}.

Two elements (x,m,y) and (z,n,w) of G are composable if, and only

if, y = z and, in this case, their product is
(z,m,y)(z,n,w) = (z,m + n,w).
The inverse map on G is defined by
(z,n,9)7" = (y, —n,x).
Thus the range and source maps are given by
t(z,n,y) = (z,0,2) and s(z,n,y) = (y,0,y).

Hence the unit space G(©) may be identified with X via the map

(,0,2) = x.

We endow G with the topology generated by the basis consisting of sets
of the form

g(Ua m,n,V) = {(xvm -n, y) ‘ (pm(x) = @n(y)’ zelye V},
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where m and n € N, U and V are open subsets of X such that both
™|y and ™|y are injective and ¢™(U) = ¢"(V). Notice that the
range map t induces a homeomorphism G(U, m,n, V) ~ U. Hence, with
this topology G is an étale groupoid. Moreover, if X is zero-dimensional,
then G(X, ) is ample. It easy see that the unit space G is closed,
then we can also conclude that the groupoid G(X, ) is Hausdorff (see
[20], [65].)

Example 1.2.16. (Boundary path groupoid) Let E = (E°, E',r,s) be
a directed graph with vertex set E° and edge set E'. For each edge e,
s(e) is the initial vertex (source) of e and r(e) is terminal vertex (range)
of e. A countable graph is one where E° and E! are countable sets.

A finite path is a sequence p of edges p1, . .., uk, where s(u;+1) =
r(p;) for 1 < i <k — 1. We write & = pypg - -+ pg. The length |u| of
w is just k. Each vertex v is regarded as a finite path of length 0. The
set of finite paths in E is denoted by E*. We define r(u) = r(u) and
s(p) = s(p1). For v € V, we set r(v) = v = s(v).

A vertex v is called a sink if s71(v) = @ and it is called an
infinite emitter if |s~1(v)| = co. If v € E° is either a sink or an infinite
emitter then it is called singular. An infinite path is an infinite sequence
x = (x;)ien, where z; € E' and r(x;) = s(z441), for all i € N. We
denote by E*° the collection of all infinite paths in F.

Paths can be concatenated if their ranges and sources agree: if
w,v € E* with r(u) = s(v), then pv = py -+~ pyv1--- v € E* and,
if z € B with r(u) = s(x), then px = py -y r122--- € E*. For
any finite path p, we specify that s(u)p = pu = pr(u).

We define the boundary path space of E as

OF := E* U{u € E* | r(p) is singular}.
For a finite path p € E*, we define the cylinder set
Z(p) ={px |z € dFE and r(u) = s(x)} C OF,

and for a finite set FF C s~1(r(u)) (possibly empty), we define a neigh-
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bourhood base for u € E* consisting of generalised cylinder sets
Z(u, F) = Z(w)\ | Z(ne) = {px | © € OB, 21 ¢ F and r(p) = s(w)}.
ecF

The generalised cylinder sets provide a basis of compact-open sets for

a Hausdorff topology on OF (see [77, Theorems 2.1 and Theorem 2.2]).
For n € N, let 0E=" = {2 € OF | |z| > n}. Then OE=" =

Uuemn Z(n) is an open subset of 9E. We define the one-sided shift

map o : 0E2! — OF as follows:

r(x), ife € E*XNIOF and |z| =1
o(x) =< x3---2)y, ifzeE*NIE and |z|>2 (1.1)
ToXg -+, if v € E*.

The n-fold composition o™ is defined on EZ" and we understand
oY : OF — OF as the identity map. We define the boundary path
groupoid
Ge={(z,m—n,y) EOEXZ xOE | c™(z) =" (y)}
= {(M.%‘, |/1" - |V|,V{L‘) | pv € E*, x € OF, r(p) = T(V) = S(l‘)},
and view (z,k,y) € Gg as a morphism with domain y and codomain

. The composition of morphisms and their inverses are defined by the

formulae
(2, k. y)(y,1,2) = (w,k+1,2) and (x,k,y)"" = (y,—k, ).

G is a groupoid with unit space gg)) = {(z,0,z) : x € OE}, which we
identify with OF. To put a topology on Gg, we consider finite paths
w,v € E* with r(u) = r(v), and a finite set of edges F' C s~ 1(r(u)).
Then we define the open sets

Z(p,v) = {(pa, [ul = [v|,ve) | 2 € OF, r(p) = s(x)}

and

Z(p,v, F) v)\ U (pe,ve)
eceF

= {(pz, |u| — |v|,ve) | x € OF, 21 ¢ F and r(u) = s(z)}.
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The collection of these sets provides a basis of compact-open bisections
for a Hausdorff topology on Gg (see [47, Proposition 2.6] for more
details in the case of row-finite graphs and [61, Section 3] for the general

case).
Definition 1.2.17. Let G be a topological groupoid. We say that

1. G is topologically principal if the set of points in G(©) with trivial

isotropy is dense in G(©),
2. G is effective if the interior of Iso(G) is just g,

Notice that if G is étale, then G(©) is open, and we automatically
already have the inclusion G(©) C int(Tso(G)).

Proposition 1.2.18. [66, Proposition 3.6] Let G be an étale groupoid.

Then the following assertions hold:
(a) If G is Hausdorff and topologically principal, then G is effective.
(b) If G is effective, second countable, then G is topologically principal.

Example 1.2.19. Consider the groupoid G = NU {0, 2z} as in Exam-
ple 1.2.14. Notice that G(® = NU {cc} and

{zeg® |G ={a}} =N,

which is dense NU {oo} = G(©), and therefore, G is topologically prin-

cipal. However, G is not effective since
G0 =NU {co} € NU {o0, z} = int(Iso(G)).

Example 1.2.20. Let E = (E° E',r,s) be a directed graph (see
Example 1.2.16). A cycle in E is a path p € E* such that |u| > 1
and s(u) = r(u). An edge e is an exit to the cycle p if there exists 4
such that s(e) = s(u;) and e # p;. A graph is said to satisfy condition
(L) if every cycle has an exit.

By [71, Proposition 5.2], the boundary path groupoid Gg (see
Example 1.2.16) is effective if, and only if, the graph F satisfies con-
dition (L). In particular, if F is a countable graph, Gg is topologically
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principal if, and only if, the graph E satisfies condition (L) (see [9,
Proposition 2.3]).

A subset U of the unit space G(*) of G is invariant if any b € G
such that s(b) € U then t(b) € U, or equivalently, t(s~1(U)) = U. We

say that G is minimal if G has no nontrivial open invariant subset.

Example 1.2.21. Let X be a discrete topological space. Then the
equivalence relation R = X x X with the product topology is a minimal

groupoid.

1.3 Steinberg algebras

To an ample groupoid we can associate an algebra, known as
Steinberg algebra. Such algebras were independently introduced by Stein-
berg in [73] and by Clark et al. in [16]. They are the “algebraisation” of
Renault’s C*-algebras of groupoids. The development of the theory of
Steinberg algebras has attracted a lot of attention lately. In particular,
Steinberg algebras include the Kumjian—Pask algebras of higher-rank
graphs introduced in [62], which in turn include Leavitt path algebras.
See [74], [13], [17], [12], [75] and [15] for a few examples of the develop-
ment of the theory.

Let R be a unital commutative ring and let G be an ample grou-
poid. Consider Ar(G) the R-module of R-valued functions on G gene-
rated by the characteristic functions of the compact-open bisections of
g, that is,

Agr(G) = Spang{lp | B € G},

where 1 denotes the characteristic function of B.
Let f,g € Ar(G). Then their convolution product f g is defined
by
(f*9g)( Z f(b)g(c), forallzed. (1.2)

be=x
Of course, one must show that this sum is really finite and f x g

belongs to Ag(G). Since the functions of Ag(G) are linear combinations
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of characteristic functions of the compact-open bisections it is enough
to prove that, for every B,C, D € G,

<1B+1C)*1DZIB*1D+IC*1D; (13)
1D*(]-B+]-C):1D*1B+1D*]-C; (14)

and
lB * 10 = 1BC- (15)

Equations (1.3) and (1.4) follow directly from the convolution
product definition in (1.2). In order to prove (1.5), first suppose x €
BC'. Then we can find b € B and ¢ € C so that = bc. Notice that
t(b) = t(x) and s(c) = s(z). Since B and C are bisections, we get that
b and ¢ are the unique elements of B and C, respectively, with these
properties. Then

1pxlo(z) =1=1pc(x).

Clearly, if 2 ¢ BC then
1B * ]_c(l’) =0= ].Bc(x).

Therefore, the equality (1.5) holds, as required.
Notice that the convolution product gives us that, for f,g €
Ar(9),

supp(f+g) € m ((supp(f) x supp(g))NG®) = supp(f) supp(g), (1.6)

where m : G® — @ is the product map in G. Moreover, it is easy to

see that with appropriate change of variables, we obtain
(f % 9)( Z fla = > fbg ).
=s(z) t(b)=r(x)

Proposition 1.3.1. Let R be a unital commutative ring and let G be an
ample groupoid. Then the R-module Ar(G) is an associative R-algebra
with the convolution product defined in (1.2).
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Proof. The distributivity in Ag(G) follows from (1.3) and (1.5). For
associativity, take B,C and D in G*. Then

a

(13 *10) *1D :5) ch*lD.

By Proposition 1.2.8, BC'is also a compact-open bisection. Again, using
(1.5), we obtain

1.2.8
(1p*1¢)*1p =1pwep)y = leebp.

For the same reasons, 1p * (1o *x 1p) = 1gcop, that is,
(1B*1C)*1D:]~B*(1C*1D)~ (17)

Therefore, the associativity in Ar(G) follows from the facts that any
function f € Ar(G) is a linear combination of characteristic functions of

the compact-open bisections and by equalities (1.3), (1.4) and (1.7). O

Definition 1.3.2. Let R be a unital commutative ring and let G be
an ample groupoid. The algebra Ar(G), with the structure of the Pro-
position 1.3.1, is called the Steinberg algebra associated to G.

For f € Ar(G), we define the support of f by

supp(f) ={b€ G| f(b) # 0}.

We say that an R-valeud function f : G — R is locally constant
if, for every b € G, there is an open subset U of G such that f|y is
constant. Notice that a function f : G — R is locally constant if, and

only if; it is continuous once we equip R with the discrete topology.

Remark 1.3.3. We are more interested in Steinberg algebras Ar(G)
in the case where the groupoid G is Hausdorff.

Proposition 1.3.4. Let R be a unital commutative (discrete) ring
and let G be an ample Hausdorff groupoid. Then, the Steinberg alge-
bra Ar(G) associated to G consists of all functions from G to R that
are locally constant and have compact support. In particular, supp(f)
is clopen, for all f € Ar(G).
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Proof. If B is a compact-open bisection of G, then its characteristic
function 15 is locally constant, because B is closed (since G is Haus-
dorff), and has compact support (namely, B). As f € Ar(G) is a linear
combination of functions 1p,, where By,...,B; € G% then f is also
locally constant. From the above comments, we can conclude that f is
continuous.

Now, let us prove that supp(f) is clopen. Indeed, since f is locally
constant, for any b € G with f(b) = 0, there is an open subset U,

containing b such that f|y, is constant equal to 0. Hence,

eglimy=0= | Uy

F(b)=0

is open. By continuity of f, we get that {b € G | f(b) = 0} is closed.
Therefore, supp(f) is clopen.

As f € AR(G) is a linear combination of functions 1p,, where
By, , By € G% then the supp(f) is a clopen subset of the compact
U?_, B;, hence itself compact. Thus every function in A(G) is locally
constant and compactly supported.

Conversely, suppose that f : G — R is a locally constant and
compactly supported function. Since G has a basis of compact-open
bisections and supp(f) is compact, we may find finitely many compact-
open bisections By, - - - , By, such that supp(f) = (Ui, Bi. As f is locally
constant, we can suppose that f|p, is constant equal to r; € R, for all
t = 1,--- ,n. By Hausdorffness of G the following pairwise disjoint
subsets

D,=B, and D;=B;\U/_'B

are also compact-open bisections, and so,
n
f =Y _rilp, € Ar(9). O
i=1

Remark 1.3.5. The last part of the proof of the above proposition,
show that any f € Ar(G) can be written as a linear combination of

characteristic functions of pairwise disjoint compact-open bisections.
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Definition 1.3.6. [16, Definition 3.10] Let G be an ample Hausdorff
groupoid and let R be a unital commutative ring. A representation’ of
G® in an R-algebra B is a family {tp | D € G} C B satisfying

(i) tz =0,
(11) tctp = tep, for all B7C S Q“,

(iii) t¢ +tp = tecup, whenever C' and D are disjoint elements of for
ge.

Theorem 1.3.7. [16, Theorem 8.11] and [19, Theorem 4.4.8] Let G be
an ample Hausdorff groupoid and let R be a unital commutative ring.
Then {1p | D € G*} C Ag(G) is a representation of G* in Ar(G).
Moreover, Ar(G) is universal for representations of G* in the sense
that, for every representation {tp | D € G*} of G* in an R-algebra B,
there is a unique R-homomorphism ® : Ar(G) — B such that ®(1p) =
tp, for all D € G*.

Proof. Clearly the family {1p | B € G*} satisfies (i) and (ii), and it
satisfies (iii) by Equation 1.5.

Given f € Agr(G), we can write f as a linear combination f =
>oi i rile,, for certain rq, - -, 7, € R\{0} and pairwise disjoint compact-
open bisections C1, -+ ,C,, of G. Define ® : Ar(G) — G* by

o(f) =12 (ZH%}) = thci.
i=1 i=1

We need to prove that ® is well-defined. Suppose that

n m
E rilg, = E silp,,
i=1 =1

where s1 -+, 8, € R\{0} and C1, - - - , C,, are pairwise disjoint compact-
open bisections in G*. Let us first to show that, for every pair i, j, we

have

ritwinvy) = Sitwinv;)- (1.8)

1 It is in fact a Boolean inverse monoid representation of S, for more details see

[19] and also [69].
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There are two possibilities:
o If U;NV; = @, then ty,ny; =0, and so Equation (1.8) is valid.

o If U;NV; # @, choose a € U; NV;. Then r; = f(a) = s;, and so
the Equation (1.8) is valid too.

Since |J;—, Ci = supp(f) = Uj~, D;, we can partition each C;
as C; = U]m:1 C; N Dj, and similarly we can partition each D; =
U, Ci N D;. Then using the Equation (1.8) and the proprieties of

the representation of G* in B, we get
E rity, = E ritu;nv; = E situ,nv; = E Situ;nv;s
i ] i, J

proving that ® is well-defined.

In order to prove that ® is a R-homomorphism, we apply an
argument similar to the one above: If f, g € Ar(G) have representations
f=>iirile, and 3770 s;1p,, we can, if necessary, add terms of the
form 0 1p \supp(y) to the representation of f, and similarly for g, add
terms of the form 0 - 1¢,\supp(g), and assume that UL, Ci= U;nzl D;.

Therefore we may rewrite

f=> rileap, and g=> sjleap,,
i.j

]

hence, for all A € R,

f+Xg= Z(TZ + )\Sj)lciij,
(2¥]

and the definition of ® readily implies ®(f + Ag) = ®(f) + AP(g). If
C,D € G%, then

1.5

d(1c1p) "= B(1op) = top = tetp = B(16)D(1p),

and since {1p | D € G*} generates Ag(G), then ® is an R-homomorphim
as required.

Uniqueness of such ® is immediate as Ag(G) is generated by the
family {1p | D € G*}. O
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Definition 1.3.8. Let G be an ample Hausdorff groupoid. We de-
fine the diagonal of Ar(G), denoted by Dg(G), as the R-subalgebra of
AR(G) generated by all characteristic functions of compact-open sub-

sets of the unit space g,

Notice that if U,V are compact-open subsets of G(¥), then U,V
are compact-open bisections of G and 1y * 1y = lyy = lyny, and

therefore,
Dgr(G) = Spang{1y | U is compact-open subset of G(¥}.

Moreover, if f € Dr(G) then clearly supp(f) € G(?). The converse is
also true. In fact, if f = > | rilp, € Ag(G) with supp(f) C G(©) then

n n

= I lsuwpp(s) = Zri (1Dz: * lsupp(f)) = Zrllesupp(.f) = DR(g(O))'

i=1 i=1
Therefore,
Dr(G) = {f € Ar(9) | supp(f) € G}.

The convolution product on Dr(G) coincides with the pointwise
product: given f,g € Dr(G) and 2 € GO, we get that s~ (x) NG =
{z} and hence

frgl@)y= Y flacHgle)= > flac")g(o)

s(c)=s(z) c€s—1(z)NG®
= f(zz™)g(x) = f(x)g().
Since R is a commutative ring, we can conclude that Dr(G) is a com-

mutative subalgebra of Ar(G).
Since G is clopen, there is an embedding

1 AR(G©)) = AR(G) (1.9)

such that ¢(f)[g\gw = 0. With this embedding, AR(G©) is isomorphic
to Dg(G) as commutative subalgebra of Ar(G).

Definition 1.3.9. For ample Hausdorff groupoids G; and Go, we say
that an isomorphism ¢ : Ar(G1) — Agr(G2) is diagonal-preserving if

¢(Dr(G1)) = Dr(G2)-
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Example 1.3.10. Let R be a unital commutative ring and let X be a
Hausdorff, locally compact and zero-dimensional topological space seen
as a unit groupoid (i.e., X = X (). Then the Steinberg algebra A(X)
is the R-algebra of all locally constant, compactly supported R-valued
functions on X, with pointwise operations (since Agr(X) = Dgr(X)).

Example 1.3.11. Recall that the Leavitt path algebra Lr(FE) of a di-
rected graph E with coefficients in a unital commutative ring R is the
R-algebra generated by a set {v € E°} of pairwise orthogonal idempo-

tents and a set of variables {e,e* | e € E'} satisfying the relations:
(i) s(e)e =e=er(e) for all e € EY;
(i) r(e)e* =e* =e*s(e) for all e € EY;
(iii) e*f = de ¢r(e) for all e, f € E;

. _ » . . e
(iv) v = 3 cs-1(y) €€" Whenever v is not a sink and not an infinite

emitter.

Let E = (E° E',r, s) be a directed graph. The boundary path
groupoid Gg, as in Example 1.2.16, comes with a canonical Z-grading
given by the continuous functor ¢ : (z, k,y) — k. The Steinberg algebra
ARr(Gg) associated to the boundary path groupoid Gg is isomorphic to
the Leavitt path algebra Lgr(FE), and such graded isomorphism 7g :
Lg(E) — Ar(Gg) is given by

me( = pee’n*) = 1z(.0.r)
ecF
(see [17, Example 3.2]).

1.4 Inverse semigroup actions

Definition 1.4.1. An action of an inverse semigroup S on a set X is

a semigroup homomorphism
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If S has a zero element 0, then one assumes that 6y is the empty bijec-

tion ¥ — @.

It follows immediately from Definition 1.4.1 that, for every s € S,
s : dom(fs) — im(6,)
is a bijection between subsets of X, and
O =05 =0,

By this reason, we will denote by X+ and X, respectively, the domain
and range of 6.

It also follows from Definition 1.4.1 that, for every s,t € S,
Osy = 05 0 64,
that is,
X5ty = dom(0s) = 0; ' (im(6;) N dom(6)) = ;' (X, N X),

Xyt = im () = 0,(im(0;) N dom(6y)) = 0,(X; N X, ),

and
Ost(x) = 05(6:(2)),
for all 2 € dom(fs) = X(sp)=-

Since 6 is an inverse semigroup homomorphism from S to Z(X),

we easily get the following proprieties:
o Xy = 0 (Xy N Xy ), for all s, € S,
e X.o=X,, forallse S,
e 0, =idx,, for all e € E(S5),

o if 5;t € S and s < ¢, then X, C X; and 6,(z) = 0,(x), for all
T € Xg-.

From the comments above, we obtain the following characteri-

zation of an inverse semigroup action:
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Proposition 1.4.2. Let S be an inverse semigroup, let X be a set,
and let 0 : S — Z(X) be a map. For each s € S, let X« and X be the
domain and the image of 0, respectively. Then 0 is an action of S on
X if, and only if, for all s,t € S, the following holds:

(Z) Os- = 9;17
(i) X(st)* =0 (X: N X0 ),

(iti) 05(0(z)) = Os1(z), for all x € X(sp).

O+ (X4 ﬂX

\

\,

GSOQt

Figure 1 — Inverse semigroup action.

When it is necessary to make explicit each #; with its domain

and image we will describe an action 6 of S on X by

0 = ({Xs}ses, {0s}ses) -

By a dynamical system we shall mean a quadruple

(X’ S, {XS}SGSa {95}8€S) )

where X is a set, S is an inverse semigroup, and ({X;}ses, {0s}ses) is

an action of S on X.

Remark 1.4.3. If 6 is an action of an inverse semigroup S on a set X,
we do not necessarily have that X, = X, for all s € S (as in the case

of a group action).
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Example 1.4.4. If G is a group, then an action of G, regarded as an

inverse semigroup, is the same as an action of G on a set X.

Example 1.4.5. Let X be any set. We have a natural action 6 of the
inverse semigroup of partial isometries Z(X) on the set X, given by, for
every f € Z(X),

9f : Xf—l —)Xf
z— f(z),
where X1 = dom(f), Xy = im(f).

Example 1.4.6. Let 0 : S — Z(X) be an action of an inverse semi-
group S on set X and let T be an inverse subsemigroup of S. Then,
the restriction |7 : T — Z(X) is an action of T on X.

Example 1.4.7. Let X be a non-empty set, let f be a bijection of X,
and let [[f]] be the inverse semigroup defined in Example 1.1.6. Then
[[f]] acts naturally on X, as in the Example 1.4.5.

Example 1.4.8. There is a natural action 6 of any inverse semigroup
S on its idempotent semilattice F(S) given as follows: for every s € S,
set

Xs={e€ E(S)|e<ss*},

and O4(e) = ses*, for all e € X, .. This action is known as the Munn

representation of S (see [58]).

Example 1.4.9. Given an action § = ({Xs}ses,{0s}ses) of S on X,
we say that a subset Y C X is invariant under 6 if

0,(YNX)CY, forallseS.
Given Y C X an invariant subset, let
Y. :=YNX,, forallses,

and let 5 be the restriction of 85 to Ys«. Then

7= ({Ys}ses: {Vs}ses)
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is an action of S on Y. This is simply the compression of 8 to idy, the
identity of Y (see Example 1.1.12).

1.5 Inverse semigroup partial actions

In this section we will be concerned with partial actions of inverse
semigroups, defined in [10], which are a common generalization of both
partial actions of groups and actions of inverse semigroups. We restrict
our study to partial inverse semigroup actions on topological spaces,
algebras and rings, although the same theory can be developed with
appropriate modifications — if any at all — to other classes of algebraic
or topological structures. This already leads to an immediate generali-
zation of crossed products to so-called “partial skew inverse semigroup

algebras” (or rings).

Definition 1.5.1. A partial action of the inverse semigroup S on the

set X is a partial homomorphism

6: S — I(X)
s — O .

If S has a zero element 0, we assume that 0 is the empty bijection
g — J.

It follows immediately from Definition 1.5.1 and Proposition 1.1.10
that, for each s € S, 0, is a bijection and 0« = 6;!. In the same way as
for inverse semigroup actions, we denote by X« and X, respectively,
the domain and range of 6,.

It also follows from Definition 1.5.1 and Proposition 1.1.8 that,

for each pair s,t € S, 5 0 0, is a restriction of 0, that is,
dom(fs 0 0;) C dom(fy),

and
05 00, (z) = Os(x), for all z € dom(f; 0 8;).

Hence, for every s,t € S,

O (X: N Xo) = 0,7 H(X: N Xo) = dom(f, 0 6;) C dom(fy;) = X(st)*
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Furthermore,
Ht* (Xt N XS*) = dom(G‘S o 915) g dom(é't) = Xt*.
Therefore,
et*(Xths*) gXt* mX(st)* (110)

In fact, (1.10) is an equality of sets. In order to prove it, apply 6; to
both sides of (1.10)

Xy N Xgr C 0p(Xpe N X(aye)- (1.11)

Notice that the suitable change of variables, ¢t <> t* and s < st, in
(1.11) yields
Xt* n X(st)* g 91&* (Xt n XS*)

which happens to be precisely the converse of the inclusion in (1.10).
Therefore
O+ (X N Xor) = Xpw 0 X5ty

and 0,(0;(7)) = 04 (x), for all x € X N X4

6509,5

Figure 2 — Inverse semigroup partial actions

Proposition 1.5.2. [10, Proposition 3.4] Let S be an inverse semi-
group, let X be a set and let 6 : S — Z(X) be a map. For each s € S,
let Xg« and X be the domain and image of 05, respectively. Then 6 is
a partial action of S on X if, and only if, for all s,t € S, the following
holds:
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(a‘) 95* = 9;17
(b) 9,5* (Xt ﬁXs*) = Xt* ﬂX(st)*,
(c) 0s(0:(x)) = Ost(x), for all v € Xp= N X5

Proof. Tt follows from previous observations that if 6 : S — Z(X) is a
partial action of S on X, then the three axioms (a) - (¢) are satisfied.

Now, we assume that 6 : S — Z(X) is a map and that the axioms
(a) - (¢) hold. Let us prove that 6 satisfies the three axioms (i’) - (ii4’)
of the Proposition 1.1.10.

Proposition 1.1.10 (i4i’) immediately follows from (a).

To show that the Proposition 1.1.10 (¢') is satisfied, take s,t in
S. Notice that, by (a) and (b), the domain of §5 o 6; coincides with

Op (Xi N X ) = Xgx N Xt

Evidently this is contained in X()-, which is the domain of 6. By
(c), we see that 0 o 0; coincides with 6, on the domain of the former
set, which means that

0500 < 04,
as desired.

Let e € S, and take any x € X, = Xe- N X(¢e)+. By (¢) and (a),

we have that
T = 9_1(96(33)) =0c(0c(x)) = b2 () = 0c (),

which shows that 0. = idx,.
To finish, we take s,t € S with s < ¢, so that s = ts*s. As seen
above 04« is the identity on X+, so

®)

Xs*s N Xt* = 93*5<Xs*s M Xt*) = Xs*s N Xs*st* = Xs*s N Xs*

Y9, (X, N Xy) = 0, (X,) = X

This implies that X« C X4+, and, for every = € X+, we have
2z € Xgvg N Xgv g, hence by (c).

as(x) = ets*s(x) =00 Hs*s(x) = et(x)v
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proving that 85 < 6;, that is, Proposition 1.1.10 (iz"). O

Notice that in the case of partial actions we only have the inclu-
sion X4« C X5, and no longer the equality as in the case of actions.
This happens because 64« o 6 is only a restriction of f4+4, and so the

domain of #+ o f, is only contained in the domain of 0.

Remark 1.5.3. The definition of a partial action of an inverse semi-
group S on a set X can be reformulated in several ways. For example,
another way can be found in [10], which requires minimal effort to check
if a map is a partial action. More precisely, by [10, Proposition 3.4] one

can replace equality in Proposition 1.5.2 (b) by the inclusion
Op (Xt N X ) C Xpo N X (1),

and add the following condition
X, C Xy, whenever s <t.

Again, if we need to make explicit each bijection #; with its

domain we will denote a partial action by

0 = ({Xs}ses, {0s}ses) -

By a partial dynamical system we shall mean a quadruple

(Xv Sa {Xs}sESa {os}sES) )

where X is a set, S is a group, and ({Xs}ses,{0s}ses) is a partial

action of S on X.

Example 1.5.4. In particular, any inverse semigroup action is an in-

verse semigroup partial action.

Example 1.5.5. Any partial group action (see [24, Definition 1.1. (i)]),
where the group is regarded as an inverse semigroup, is the same as an

inverse semigroup partial action.
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Example 1.5.6. Suppose we are given an action 0 = ({Xs}ses, {0s}ses)
of an inverse semigroup S on a set X. Suppose further that Y is a given
subset of X which is not necessarily 6-invariant (this means that there
may be a s € S such that 05(Xs+ NY) € Y). By setting

Y, =0;(Xs« NY)NY,
we may let
Vs : YS* — sz
be the restriction of 85 to Y+, for each s in S. Since

0,(Yy-) = 0,05 (X, NY)NY) = 0,(05-(Xs NY) N (X, NY))
= (Xsny)mas*(XsmY) :Yﬁﬂs*(XsﬁY) :Ys,

~s is a bijection, for all s € S. We get that v = ({Ys}ses, {Vs}ses) is a
partial action of S on Y.

Notice that idy is an idempotent element of Z(X) and that - :
S — Z(Y) is exactly the partial homomorphism given by

vs = idy of4 o idy,
for all s € S, as in the Example 1.1.12.

An inverse semigroup S may act partially on a topological space,
an algebra, a C*-algebra, among other objects. For each situation we
add some conditions in the definition of a partial action to be in accor-

dance with the characteristics of each of these objects.

1.5.1 Topological partial actions

Definition 1.5.7. A (non-degenerate) topological partial action of an
inverse semigroup S is a partial action 0 = ({Xs}ses, {0s}sex.) of S

on a topological space X which satisfies:

(i) Xs is an open subset of X and 65 : X — X, is a homeo-

morphism, for all s € S,
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(i) X = UeeE(S) Xe.

Remark 1.5.8. Condition (ii) is usually called “non-degeneracy”, and
we will assume this condition in all partial actions that appear in

our work. If just the condition (i) is satisfies, we can change X to
UeEE(S) Xe.

Notice that if S has unit 1, then e < 1 for every idempotent e
of S. Thus X, C X1, X = UeeE(s) X, = X; and 0, = idx, what is
exactly the required condition in partial group actions of [24, Definition
1.1. ()]

Example 1.5.9. Let G be an étale groupoid and G°P the semigroup of
all open bisections of G. There is a canonical action of G on the locally
compact Hausdorff space G(©) as follows: Given an open bisection B,
we have that 5(B) and v(B) are open subsets of G(°), and moreover the
maps

sp:B—s(B) and tp:B — t(B),

obtained by restricting s and t, respectively, are homeomorphisms. Gi-

ven u € §(B) we define
01(u) = ti(s5' (1), (1.12)
that is, 6p(s(b)) = v(b), for all b € G with s(b) € s(B).

B

OB

Figure 3 — Canonical action of the bisections
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Clearly 6p is a homeomorphism from s(B) to t(B). The collec-
tion 0 = ({t(B)}gegor » {08} peger) 18 an action of G on the unit
space GO,

As GO = t(g<0>), 0 is non-degenerate. Then it remains only to
prove that, for every B,C € G°P,

0cobp =0cn,

that is, Op«(t(B) Ns(C)) = s(CB) and O¢ o Op(u) = Ocp(u), for all
u € §(CB). We have that

0 (x(B) Ns(C)) =s (r3' (x(B) Ns(C)))
=s({be B[r(b) €s(C)})
={s(b) € B |x(b) € 5(C)}
= {s(cb) e B|be B,ce C and t(b) =s(c)}
=s5(CB).

Suppose that u € s(CB). Take ¢ € C and b € B such that
u = 6(cb). Thus

Opc(u) = Opc(s(ch)) = v(cb) = t(c) = bc(s(c)) = bc(x(b))

=0c(05(s(b)) = 0c(05(s(ch)) = Op(0c(u)),

as required.
We can replace G°P by the inverse semigroup G* of the compact-

open bisections and obtain, likewise, an action of G* on G(©).

Example 1.5.10. Let G be an étale groupoid. There is an action of the
inverse semigroup G on the locally compact Hausdorff space Iso(G(?))

as follows: Given B € G°P, we define
Xp = {z €Ts0(G?) | s(z) € ¢(B)} = s 1(x(B)) NTs0(G)
and

Xp- = {z €Is0(G?) | s(z) € s(B)} = s '(s(B)) NIso(G),
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which are open subsets of Iso(G(?)). Notice that, for each 2 € Xp-,
BxzB~! is a subset of Xp with only one element. In fact, BxB~! is
only defined when s(z) € t(B~!) = 5(B), and in this case, y € BsB~!
if there are b,c € B such that s(b) = t(x) = s(z) = t(c™!) = 5(c) and
y = brc™!. Since B is an open bisection, b = ¢ and b is unique element
of B with this proprieties, and so, BxtB~! = {bxb~'}.

For each B € G°P, we define 0p : X« — Xp by

0p(r) = BxB™'.

Then, 0 = ({XB}Beger, {05} Begor) is an action of GO on Iso(G()).
Moreover, the open subsets int(Iso(G)) and G(©) are invariant
under 6. Indeed, for the first open subset, take B € G° and z €
int(Iso(G)) N Xp«. Then, there is an open subset U of Iso(G) N Xp~
containing x. As BUB™! is an open subset of Iso(G) N X g, we get that

Op(z) € BUB™! C int(Iso(G)) N X,

proving that int(Iso(G)) is #-invariant.
In the case of the unit space G(9), notice that, for each B € G,
Xp =5(B), Xp- = t(B) and 03 is exactly the homeomorphism of the

previous example defined in (1.12).

Example 1.5.11. Let X be a topological space and let ¢ : X — X
be a homeomorphism. Consider [[¢)]] the subset of Z(X) consisting of
all partial homeomorphisms ¢ of X for which there are a finite parti-
tion X7y, -+, Xi of dom(p) and a set of integers {ny,- - ,ng} such that
elx, = 9™
group of Z(X), similarly as in Example 1.1.6. In particular [[¢]] acts

x,, for all s € {1,--- ,k}. Then [[¢/]] is an inverse subsemi-

naturally on X as in Example 1.4.5.

Example 1.5.12. Using the previous example we can get a partial
topological inverse semigroup action of the inverse semigroup [[¢]] on

an open subset Y of X by restriction, as in Example 1.5.6.
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Example 1.5.13. To the directed graph E = (E°, E',r, s) (see Exam-

ple 1.2.16) we can associate an inverse semigroup. Let
e ={(v) | mv € E* and r(n) = r(v)} U{0}.
The product is defined by

(,my), ifv={_y for somey € E*

(s v)(Cm) =9 (wv.m), if(=vy for somey € E*
0, otherwise

and involution on Sg is defined by (u,v)* = (v,u) and 0* = 0. By
[61, Proposition 1], the set Sg with the operations above is an inverse
semigroup.

Notice that the product of two pairs (u,v), (¢,n) is non-zero if,
and only if, v is an initial segment of ¢ or conversely. In this case, we
say that v, ( are comparable. Moreover, if ua, (3 are comparable, then
so are p, C. It is easy see that if (i, v) < (¢,n) then there is v € E* such
that (u,v) = (¢y,m7y) or (i, v) = 0. The set E(Sg) of all idempotents
of Sg is just the set of pairs (p, 1), where p € E*.

Now, we will associate to a graph F an action of the inverse

semigroup Sg on the boundary path space OF. As in Example 1.2.16,
OF = E* U{u € E* | r(u) is singular},
for a finite path p € E*,
Z(p) ={pz | x € dFE and r(u) = s(z)} C OF,
and for a finite set F C s~ (r(p)),

Z(u, F) = 2()\ | Z(pe).
ecl’
Recall that the collection of all sets of the form Z(u, F') is basis for
a topology on OF, and this topology makes OF a locally compact,

Hausdorff and zero-dimensional space.
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Given (p,v) € Sg \ {0} we let

9(“?,,):2(1/) = Z(u)
vr o ux

(1.13)

and 0y : @ — @ is empty map. Let us prove that the collection

0= ({Z(M)}(ﬂ,mes}g » {e(uw)}(u,y)es)

is an action of the inverse semigroup Sg on the boundary path space
OF.

It is immediate that each map 0, . : Z(v) — Z(u) is a bijection
between the compact-open subsets Z (i) and Z(v) of E. By symmetry,
it suffices to show that 6, , is an open map to conclude that this map
is a homeomorphism. Since the image of a basic open Z(u, F') by 6, )
is also a basic open Z(v, IF), it follows that map 6, . is open.

The non-degeneracy of 6 follows from the fact that (J,c o Z(v) =
OF. Let us verify that 6 satisfies the conditions of Proposition 1.4.2:

(i) It is easy to see that 0, )« = 0(,,,) = 0(_;1/).

(ii) We need prove that, for every s,t € Sg, 0; *(X; N X,-) = X (sty»-
There are six cases to consider
If s =t =0: It is obvious.
If s =0 and t = (¢,n): We have that X« = @, X; = Z(¢) and
X(st)* =J. ThUS,

Gt* (Xt N XS*) =g = X(st)*‘

If s = (p,v) and t = 0: It is similar to the previous one.

If s = (p,v), t = ({,n) and st = 0: Notice that in this case v
and ¢ are not comparable and Z({) N Z(v) = @. Since X; =
Z((), Xs» = Z(v) and X (4)» = @, it follows that

Ht_l(Xt ﬂXs*) = Q(W;C)(g) =g = X(st)*~
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If s = (i, ¢y) and ¢t = ({,n): We have that X; = Z((), Xs» =
Z(¢y) and X (4= = Z(ny). Thus

0, (Xe N Xor) = 00,0 (Z() N Z(¢7))
= 0.0 (Z(¢7) = Z(n7) = X(st)~-

If s = (u,v) and t = (v7,n): It is similar to the previous one.

(iii) For every s,t € Sg we need to prove that 65 o 0;(x) = 04 (x),
whenever that © € Xy~

Clearly, in the first four cases of the previous item, we have 6, o
0, = 0y = 0. We still have two cases to check:

If s = (u,¢y) and t = ((,n): For any = = nyy € Z(ny) = X(sp)+,
we get

05(0:(2)) = O(u,cv) O c.m (17Y)) = Opuc) (CVY)
= Hy = 9(#,777) (77'73/) = ast(w)'

If s = (p,v) and t = (vvy,n): It is similar to the previous one.

1.5.2 From partial actions of groups to partial actions of inverse

semigroups and vice-versa

We will now describe how to construct partial actions of groups
from actions of inverse semigroups and vice-versa. The class of inverse
semigroups which allows us to do this more precisely is the of E-unitary
inverse semigroups.

Recall that an inverse semigroup S is E-unitary if, whenever
s€S,ee E(S) and e < s, then s € E(S).

There are other similar ways to define E-unitary inverse semi-
groups. For example, S is F-unitary if, whenever s € S, e € E(S) and
es € E(S) then s € E(S), or equivalently, if s € S, e € E(S) and
se € E(S) imply s € E(S) (see [48, Lemma 2.4.3]).

Example 1.5.14. Every group is E-unitary.
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Example 1.5.15. Every A-semilattice is E-unitary.

Example 1.5.16. An inverse semigroup with 0 is F-unitary if, and
only if, S = E(S), which from our point of view is a rather degenerate

inverse semigroup.

In the case when S is an inverse semigroup with 0, we say that
S is E*-unitary (or 0-E-unitary ) if, whenever e € E(S) \ {0}, s € S,
and e < s, then s € E(9).

Let S be an inverse semigroup. For every s,t € S, the compati-

bility relation is defined by
st <= st*, s'te E(9). (1.14)

It is clear that this relation is reflexive and symmetric, but need
not be transitive. A subset T of an inverse semigroup is said to be

compatible if any pair of elements in T" are compatible.

Proposition 1.5.17. [48, Theorem 2.4.4] Let S be an inverse semi-
group. Then the compatibility relation is transitive if, and only if, S is

E-unitary.

For each inverse semigroup S we can naturally associate a group

G(S) in the following manner: we define a relation in S by
s~t <= 3Jue Ssuchthat u <s,t. (1.15)

Alternatively, s ~ t if, and only if, there is e € E(S) such that es = et.

It is easy to see that ~ is an equivalence relation. Moreover, from
(1.15) and the fact that the order of S is preserved under products and
inverses, we have that ~ is in fact a congruence. We endow S/~ with
the quotient semigroup structure. Given s € S, we denote by [s] the

equivalence class of s with respect to the relation (1.15).

Proposition 1.5.18. [60, Proposition 2.1.2] Given an inverse semi-
group S the quotient
G(S):= 8/~
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is a group. Furthermore, G(S) is the maximal group homomorphic
image of S in the sense that if there is a semigroup homomorphism
form S to a group G then 1 factors through G(S).

Example 1.5.19. If G is a group then G(G) is isomorphic to G.

Example 1.5.20. If L is a A - semilattice then G(L) = {1} is the

trivial group.

Example 1.5.21. If S is an inverse semigroup with a zero, then G(S) =
{1} is the trivial group.

Given an inverse semigroup S, we have that any two idempotent
elements are related by 1.15. But, in general, non-idempotent elements
may be related to idemponents, as in the Example 1.5.21. It is imme-
diate that if the set of idempotents of S forms an equivalence class
for the relation (1.15) then S is a E-unitary. More precisely, consider
o : S — G(S) the quotient map and 1 the unit of G(S). Then S is
E-unitary if, and only if, c71(1) = E(S).

We can also reword the E-unitary property in terms of compa-

tibility of elements.

Lemma 1.5.22. [48, Theorem 2.4.6] Let S be an inverse semigroup.
Then S is E-unitary if, and only if, s,t € S and s ~ t implies that

s~ t.

We will now be interested in relating partial actions of inverse se-
migroups and partial actions of their maximal group images. A version
this proposition has been proven in [72, Lemma 3.8] when considering
global actions of inverse semigroups. The next theorem is a specific
instance of [46, Lemma 2.2], where the author in fact considers a stric-
tly weaker notion of partial action — namely, condition 1.1.8(iii) is not
required. Note that this condition is trivial when considering partial
actions of groups, and thus we may apply [46, Lemma 2.2] without

problems.
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Proposition 1.5.23 ([46, Remark 2.3]). Let 6 = ({X },cq, {05} cs)
be a topological partial action of an E-unitary inverse semigroup S on

a space X. Then there is a unique partial action

= () )

of G(S) on X such that, for any s € S,
(i) Xy = Uy X, for all v € G(S),
(i) a[s](x) =0s(x), forall s € S and x € Xg~.

(in other words, 57 is the join of {05 : [s] =~} in Z(X), which is com-
monly denoted by \/(; . 0s).

Now, we will be interested in the other direction, that is, to
each group we want to associate an inverse semigroup (which will be
E-unitary). This construction was initially done in [27], where Exel
defines the universal inverse semigroup S(G) of a group G.

Given a group G, let S(G) be the universal semigroup generated

by symbols of the form [¢], g € G, modulo the relations
(i) lg~"lgllr] = lg~"lghl,

(ii) [g][A][h™"] = [gh][P7"],

Exel proved that S(G) is an inverse semigroup with unit [1] (see
[27, Theorem 3.4]). We will describe all the necessary properties of S(G)
that we will need. For every g € G, the inverse of [g] is [¢7!]. Let us
denote

eg = [gllg']-

By [27, Proposition 2.5 and 3.2], for each v € S(G), there is a unique
n > 0 and distinct elements r1,...,7,,9 € G such that
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1. v=¢€, - €, 9], (if n =0, this is simply [g]), and
2. r; # 1 for all 4.

We call such a decomposition v = €, - - - €., [g] the standard form of v,
which is unique up to the order of rq,...,r,. Moreover, given g,r € G,
we have [gle, = €4-[g]. Thus, for v = €., --- €., [g9] € S(G), the inverse

of « is written in standard form as

*

v =1lg"]

€rp =7 €pp = €gmlp, Egmipy lg7",
The idempotents of S(G) are the elements of the form € = €,, - - - €., [1].

Example 1.5.24. Take G = Zs = {1, g}. In this case, we have that
g = g ' Consider 1 = [1], s = [g] and e = [g][g7"]. Then 1 and e
are idempotent and since es = [g][g7!][g] = [g] = s, se = [g][g~ ][9] =
[9] = s and ss = [g][g] = e, we can conclude that S(Z2) = {1, ¢, s}.

For any group G the inverse semigroup associated S(G) is E-
unitary ([27, Remark 3.5]). Indeed, suppose v € S(G), € € E(S(G))

and € < «y. Writing v and € in standard form, we obtain
V=€, €, (5] and  e=¢ - €, [1].
Since € = ey and [1] is a unit of S(G), we obtain
€ey " €e |l =€=€y =€ - €, €5 €5, [9]

From the uniqueness of the standard form of ¢ we conclude that s = 1
and v is an idempotent.

The main result of [27] is the following property of the semigroup
S(G). Although it is proven in principle only for partial on discrete sets,

the same proof applies in the topological setting.

Proposition 1.5.25. [27, Theorem 4.2.] Let 0 = ({Xs},cg:{0s}ses)
be a topological partial action of a group G on a space X. Then there
is a unique topological action 0 of S(G) on X such that 5[91 =04, for
all g € G.
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Proposition 1.5.26. Let G be a group and S(G) the universal semi-
group of G. Then the map G — G(S(Q)), g — [[g]], is an isomorphism.

Proof. First note that for all s,t € G,

[s][t] = [s][t][t~"][t] = [stlee < [st],

so the map G — S(G), g — [g], is a partial homomorphism. Since
the map S(G) — G(S(G)), v — [v], is a homomorphism, we have

that g — [[g]] is a partial homomorphism between groups, hence a

homomorphism.
Given v € S(G), since v = €, - - - €, [s] for certain s, s1,...,5, €
G, we get [y] = [[s]], so g — [[g]] is surjective.
If [[g]] = 1 = [[1]], then there is an idempotent € = €, - - - €, [1]
for which
[glee, €, = [L€e, -~ -e€e,,
and the uniqueness of the standard form implies g = 1. O

1.5.3 Algebraic partial actions

Definition 1.5.27. Let S be an inverse semigroup, let R be a uni-
tal commutative ring and let A be an associative R-algebra. A (non-
degenerate) algebraic partial action of S on A is a partial action a =
({Ds}ses, {as}tses) such that

(i) for each s € S, Dy is an ideal of A and «ag : Dg» — Dy is an

R-isomorphism,

(ii) A = Spanp (UeeE(S) De).

Example 1.5.28. We assume that R is a unital commutative ring, and
X is a Hausdorff, locally compact, zero-dimensional topological space.
Let £.(X) be the commutative R-algebra formed by all locally cons-
tant, compactly supported, R-valued functions on X, and with point-

wise addition and product. Notice that £.(X) is exactly the Steinberg
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algebra of X (see Example 1.3.10). Therefore, every f € L.(X) is a

linear combination of the form

=Y rilg,
i=1

where the K; are pairwise disjoint compact-open subsets, and each r;
lies in R.

Let 0 = ({Xs}ses, {0s}ses) be a topological partial action of an
inverse semigroup S on a locally compact, Hausdorff, zero-dimensional
topological space X. Such an action induces an action in the algebra

level, as done in [4] and [25]: For each s in S, consider the ideal

Dy ={f € Lc(X) | supp(f) € X}
in £.(X), and define the R-isomorphism «ay : D¢« — Dy by

fobs(x), if v € Xg,

as(f)(m):{ 0, itz ¢ X,

Tt is routine to check that o = ({Ds}ses, {as}ses) is a partial action.
We wish to convince the reader that « is non-degenerate. Let f be an
element of £.(X). By non-degeneracy of 8, for any « € supp(f) there is a
compact-open neighborhood L of z contained in X, for some e € E(5),
and such that f|r is constant. By compactness of supp(f) we can find
finitely many compact-open subsets Li,...,L, such that L; C X,,,
e; € E(S), and supp(f) € U/, L;. By putting

Jj—1

Ky =Ly Nnsupp(f) and K;= <Lj\ U(L)) N supp(f),

=1

for all j € {2,...,n}, we get that supp(f) is equal to the disjoint union
of the compact-open subsets K1,..., K,,, and that

f:ZflKiGSpanR U D. |,
i=1

e€E(S)

because supp(f) C D.,.
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Again, we will only be interested in non-degenerate algebraic
partial actions, and it is more suitable to assume this as a necessary
condition on all the partial actions we will work. Similarly as in Re-

mark 1.5.8, we may always replace A by Spanp (USGE(S) De).

Remark 1.5.29. We can define a partial action of an inverse semigroup
on a ring A similarly to Definition 1.5.27, just making a change in item

(74): we assume that for each s € S, a; is an isomorphism of rings.

1.6 Partial skew inverse semigroup algebras

Given a partial action of an inverse semigroup on an algebra we
can construct a new algebra associated to this structure, namely the
partial skew inverse semigroup algebra (or algebraic crossed product of
inverse semigroup). Partial skew inverse semigroup algebras are defined
in the same way as skew inverse semigroups in [33] (for actions of inverse
semigroups). They are also a generalization of the partial skew group
algebras (see [24]), but their construction needs more steps.

Throughout this section we will assume that R is a unital com-
mutative ring, and o = ({Ds}ses, {as}tses) is an algebraic partial ac-

tion of an inverse semigroup S on a R-algebra A.

Definition 1.6.1. Let o = ({D;}ses, {as}ses) be an algebraic partial
action of S on A. Let L(«) be the R-module of all finite formal sums

> alds,

seS

where as € D, and J, is a formal symbol. More precisely, £(«) is the free

R-module generated by formal elements a,ds, satisfying the relations
as(ss + bs(ss = (as + bs)as

and
Aasds) = (Aas)ds,

forall s € S, as,bs € Dy and )\ € R.
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We define a product as the linear extension of the rule
(asds)(ar0r) = as(asx(as)a)dst. (1.16)
Since ag«(as)as € Dg« N Dy then
as(as(as)ar) € as(Dg» N Dy) = Dy N Dy,
and the product is well-defined.

Remark 1.6.2. In the case of a group partial action, the R-algebra
L(w) is exactly the partial skew group algebra (see [24]).

In general, this product might make £(«) a non-associative al-
gebra (see [24, Example 3.5]).

Lemma 1.6.3. Let o = ({Ds}ses,{as}ses) be an algebraic partial
action of S on A. A necessary and suficient condition for L(«) to be

associative is that,
acs(ag-(b)e) = as(as(ab)e),
foralls € S, be Dy, and a,c € A.
Proof. Given db,,bds, ad; € L(«) we need to prove that
dé,(bdscdy) = (do,bds)cdy (1.17)

if, and only if,
dag(as (b)e) = as(as(db)e).

Let us start by rewriting the right-hand of (1.17):
06, (03,¢61) = b, (cvafore- (B))6st = atr (- (d)rsforse (B)))brey (1.18)
On the other hand, the left side of (1.17) may be rewritten as
(do,bds)cor = [ (d)b]orscds = aups[orps)= (a[otp= (d)D])c]Opst.
Notice that

ar[ar(d)b] € ap(Dps N D) = Dy N Dy
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On D, N D,,

a(rs)* = Qgx O QUpx.

Hence
(dd,b0s)cds = s (asr [ (d)b]C)dpst.

Observe also that
e [ (d)b] € 05+ (Dyp N D) = Dge N D)+ .
We thus finally obtain that
(d6,:bd5)cod = apas(asx[ars (d)b]e)]orst. (1.19)

Comparing (1.18) and (1.19) we have that the associativity of
L(«) holds if, and only if,

(e (d)ag[as (b)) st = aplas(asx [ars (d)b]C)]Orst,
which is clearly the same as
s (d)as(ags (b)) = ag(as (ap-(d)b)c).
Writing a = a,«(d), we get the desired equality. O

A ring R is said to have local units if for every finite subset F' of
R, there exists an idempotent e € R such that F' C eRe. In this case,
r = er = re holds for each r € F' and the element e will be referred to
as a local unit for the set F.

A ring B is left (right) s-unital if b € Bb (b € bB), for all b € B.
From [76, Theorem 1] it follows that B is left (right) s-unital if, and
only if, for alln € Nand all by,--- ,b, € B, thereis u € B such that, for
each i € {1, -+ ,n}, the equality ub; = b; (b; = ub;) holds. Obviously

every ring that has local units is s-unital.

Lemma 1.6.4. Suppose that « = ({Ds}ses, {as}ses) is an algebraic
partial action of an inverse semigroup S on a R-algebra A, and that

every ideal Dy is left (right) s-unital. Then L(«) is associative.



1.6. Partial skew inverse semigroup algebras 75

Proof. Notice that, by Lemma 1.6.3, is it enough to show the equality
acs (g (b)e) = ag(ag(ab)ce),

forall s € S, b € Dy, and a,c € A. Since Dy is left s-unital, there is
u € Dy such that uags(as«(b)e) = as(as«(b)e) and ub = b. Then

acs (s (b)e) = auas(as- (b)) = as(as(au))as(as (b))
= a;(as-(aub)e) = as(as-(ab)e),
as required.
Since Dy is right s-unital, there is v € D¢« such that ag«(b)v =
as+(b) and ags(ab)v = s« (ab). Then
acs(as-(b)e) = aas(asx(b)ve) = aass (b)as(ve) = abas(ve)
= ags (ab)as(ve) = ag(as-(ab)ve) = ag(as(ab)c). O

Definition 1.6.5. Let « = ({D;}ses, {as}tses) be an algebraic partial
action of S on A. We denote by N(a) the two-sided ideal

(ad, —ads |r,s€ S, r<sandac D, ),

that is, () is the two-sided ideal of £(«) generated by all elements

of the form ad, — ads, where r < s (notice that a € D, also).

Lemma 1.6.6. [3, Lemma 2.5] Let oo = ({Ds}ses, {as}ses) be an al-
gebraic partial action of S on A. The ideal N'(a) is equal to the additive
group generated by the set {ad, —ads | r,s €S, r < s and a € D,.}.

Proof. 1t is enough to show that for r, s, t,u € S withr < s,and a € D,
b € Dy, ¢ € Dy, it holds that the elements bd;(ad, — ads), (ad, —ads)cdy
and bd;(ad, — ads)cd,, are all of the form x4, — xd,, for some v, w € S
and z € D,, such that v < w. Notice that

b5t (aér — CL(SS) = b(;taér — bé}aés = Ot (Oét* (b)a)(str — Oét(Oét* (b)a)éts

and, since tr < ts, we are done in this case.
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In the next case we get
(ad, — ads)cdy, = (s (a)e)0ry — as(ass(a)c)dgy-

Using that » < s we get that »* < s* and ru < su. Then a € X,
ap«(a) = ag(a) and a,(a.«(a)c) = ap(as(a)c) = as(as(a)c) and
hence the desired conclusion follows.

To conclude, notice that bd;(ad, — ads)cd,, is of the form (zdy. —
xdts)cdy by the first case, and now, by the second case, (s — ¢ )y
has the desired form. O

Finally, we define the corresponding skew inverse semigroup al-

gebra associated to a partial action of an inverse semigroup.

Definition 1.6.7. Let a = ({Ds}ses, {as}ses) be a partial action of
an inverse semigroup S on an R-algebra A. The skew inverse semigroup
algebra associated to o, which we denote by A %, S, is the quotient

algebra
L(a)
N(a)

Elements of A x, S will be written as 7, where z € L(«).

It is interesting to point out that the quotient involved in the
definition of a skew inverse semigroup algebra is motivated by the C*-
algebraic definition of crossed products by inverse semigroups (see, for
example, [68], [60], [33]).

Remark 1.6.8. Let s,t € S. Notice that if s < ¢t and a € D;, then

ads = ady.

Remark 1.6.9. In the case that S is a group, the natural order of .S
coincides with equality, and hence the ideal A'(«) = {0}. Therefore,

the partial skew inverse semigroup is simply
Axgy S =La),

which is exactly the partial skew group algebras defined in [24]. Notice
that the more general structure of partial skew inverse semigroup alge-

bras does not carry the graded structure presented in the group case.
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Instead, we only have that every partial skew inverse semigroup ring

admits a pre-grading (defined below) over the semigroup.

Definition 1.6.10. Let B be any R-algebra and let S be an inverse
semigroup. A pre-grading of B over S is a family of linear subspaces
{Bs}ses of B, such that for every s,t € S one has that

(1) Bth g Bsta
(ii) if s <t then Bs C By,
(iii) B = Spang (U,cq Bs) -

Remark 1.6.11. Notice that if I is an ideal of A then we can give the
partial skew inverse semigroup algebra A X, S an I-module structure

by defining

b(as0s) = (bay)ds, (asdy)b = (asb)dy,

for all b € I and agsds € A x, S.

1.6.1 Covariant representation

Definition 1.6.12. Let a = ({Ds}ses, {astses) be a partial action of
S on A. A covariant representation of « consists of an algebra B and
a pair (m,u), where 7 : A — B is an R-homomorphism, and v : S — B
is a partial homomorphism of S to the multiplicative semigroup of B,

satisfying the covariance condition
m(as(as)) = u(s)m(as)u(s*), (1.20)

for all s € S and as; € Ds-. We say that (m,u) is non-degenerate if
u(s)u(s*) € m(Dy), for all s € S.

Proposition 1.6.13. [19, Lemma 4.3.14. and Theorem 4.3.15.] Let
a = ({Ds}ses, {as}ses) be an algebraic partial action of S on A. Also
let (m,u) be a non-degenerate covariant representation of A x4, S in an

R-algebra B. Then, for every s,t € S, we have have that:
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(a) If a, € D,, then
m(as) = u(s)u(s™)m(as) = mw(as)u(s)u(s"),
(b) If s < t and a, € D,, then
m(as)u(s) = m(as)u(t),
(¢) If Dy has unit 14, then

m(ls)u(s) = u(s), wu(s*)m(ls) =u(s*) and (1) =u(s)u(s),

(d) The linear mapping 7 X u : A X, S — B determined by

(7 x u)(asds) = m(as)u(s), (1.21)
for all asds € A X4 S, is a R-homomorphism.

Proof. (a) By the covariance relation, we have that

m(as) = m(as(as(as))) = u(s)m(as (as))u(s®)
= u(s)u(s*)m(as)u(s)u(s").

Since u is partial homomorphism of inverse semigroups, we get
that

u(s)u(s)m(as) = u(s)u(s") [u(s)u(s*)m(as)u(s)u(s")]

u(s)u(s)m(as)u(s)u(s*) = m(as).

Similarly, m(as)u(s)u(s*) = m(as).

(b) Since s < t and w is partial homomorphism, it follows that
u(s*s) = u(s*t), and by (a),

m(as)u(t) = m(as)u(s)u(s")u(t) = m(as)u(s)u(s*t)
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(¢) Notice that 7(1s) is the unit of 7(Ds). By non-degeneracy of
(m,u), we have that u(s)u(s*) € n(Dy), so

Analogously, u(s*) = u(s*)w(1s). Moreover, multiplying by u(s*)
both sides of the equality u(s) = m(15)u(s), we obtain

u(syu(s) = w(1o)uls)u(s*) 2 (1),

(d) Notice that, by item (b), the map 7 x u given by (1.21) is well-
defined. To prove that 7 x u is multiplicative, we take a 05, b.0; €
A X, S, then

(7 X u) (@ m) = m(as(as«(as)be))u(st)

“i‘”ws)( (as)b)u s*)u(s)

< r(agyuls)m(Le ym(be)uls™Yuls)u(t)

— m(asuls)m(Lo-be)us™ Yu(s)u(t)

9 (g yuls)m (Lo be Yu(t)

9 r(as)uls)m(be)ult)

= (7 x u)(asds)(m x u)(bsdy). O

Let o = ({Ds}ses, {as}ses) be an algebraic partial action of S

(
(

on A. Just as for the skew group algebras, we may define an additive
map 7 : L(a) — A by

T (Z a5(55> => a. (1.22)

ses ses
Remark 1.6.14. By Lemma 1.6.6, we have that 7(N(a)) = {0} and
hence we get a well-defined additive map 7 : A X, S — A given by
T(Z) = 7(x), for x € L(a).
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Definition 1.6.15. [3, Proposition 3.1.] Let @ = ({Ds}ses, {@s}ses)
be an algebraic partial action of S on A. The diagonal subalgebra D
of a partial skew inverse semigroup algebra A x, S is the subalgebra
generated by elements of the form ad,, where e € E(S) and a € D,,
that is,

D = {En:afS
=1

Proposition 1.6.16. Let « = ({Ds}ses, {as}ses) be an algebraic par-
tial action of S on A that has the property that A and each ideal Dy,
for s € S, are left (right) s-unital. Then A is embedded in A x, S and

is isomorphic to D, which is a subalgebra of A x4 S.

neN, e; € E(S), a; GDel}.

Proof. 1t is easy to see that D is a subring of A x,, S since o, =idx,,
for all e € E(S) and so,

abe, - bde, = abde,c, €D,

for all ad.,,ad., € D.
Next we show that D is isomorphic to A. Notice that, by Defi-

nition 1.5.27 (ii), given a € A we can write

n
a = E Qe y
i=1

where n € N, e; € E(S), and a., € D,, for each i € {1,...,n}. Let
¢ : A — D be the map defined by

¢(a) = Z Qe, 5ei )
1=1

fora=>"", a., € A. Clearly, ¢ is additive.

We prove by induction that ¢ is well-defined. More precisely, we
will show that if " | a., =0 for n € N, ¢; € E(S), and a., € D,,, for
i€{l,...,n}, then > | ac,d., = 0.

If ac, = 0, then clearly a¢,d., = 0. Let n € N be arbitrary. As

induction hypothesis, suppose that if > ; a., = 0, then Y| ac, 0, =
0.
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Now, let f € E(S), ay € Dy, and suppose that az+>_ . ; ae, = 0.
Take u € A such that uay = ay and ua., = ae,, for i € {1,--- n} and
take us € Dy such that ugay = ay. Then

0= (u—uy) (af—I—Zael) =uar —ufar+ (u—uyf) (ZaQ)
i=1

=ay—as+ (u—uy) (Zam) :Z U — Uf)Qe,.

=1

By the induction hypothesis, we conclude that " ; (u — uf)ae,de, = 0.
Using this, together with Remark 1.6.8 and the fact that fe; < e; and
fe; < f, and hence Dy., = Dy N D,,, for each i € {1,...,n}, we get
that

n n
Zaeiéei = Zufael e; Zufaelzsfe? Zufaeiéf
i=1 i=1

= (ur(—ay))ds

1
-~
VEE
<
Ny
S
&
~_—
>
~
I
/N
Iy
Ny
[+
S
o
~—
>
~
\

Therefore,
ady + Zaeiéei =0,
i=1
proving that ¢ is well-defined.
Clearly, ¢ is onto and multiplicative (using that o, = idx,, for
all e € E(S)) and thus a surjective ring morphism. Now, consider the
map 7 which was defined in Remark 1.6.14. Notice that

Tog (i aei> =T <i aeléei> = iaei,
i=1 i=1 i=1

that is, 7 o ¢ = id 4, and hence ¢ is injective. O

Remark 1.6.17. Suppose that S is unital, with identity element 1 € .S.
In this case, if e € E(S), then e < 1, and therefore for each a € D, we
have ad. = ad;. Hence, Ad; =
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Proposition 1.6.18. [19, Theorem 4.53.15.] Let ({Ds}ses, {as}tses) be
an algebraic partial action of S on A, such that Ds has a unit 1, for

all s € S. Then, the map

c: 85— Ax, S

s 1,0,

1s a partial homomorphism of S to the multiplicative semigroup of A X,

S.

Proof. We need to show that o satisfies the three items of Defini-
tion 1.1.8. First, notice that ag«(1ls) = 14, since ag« : Dy — Dgx

is an R-isomorphism, and so,

0(8)0(5*) = 1,05 1s-05- = Ls0sy-. (1.23)

(i) We have

o(s)o(r)o(r*) "2 T.8,1,8,0 = 0 (Tae 1, )0arre

and

J(ST)J(T*) = asr(l(sr)* 17‘*)657‘7"* .

Notice that 14«1, is the unit of D¢« N D,., and so, as(14+1,.) is the
unit of as(Ds- N D;) = Dy N Dy,. On the other hand, 14«1,
is the unit of D4y« N Dy«, and then, as(1(spy+1,+) is the unit of
sr(D(gry= N Dyr). However

O457"(1)(57’)* N Dr*) = Dy N Dgppx = Dy N D(sr)(sr)*s
= OéST‘(D(S’I‘)* N D(sr)*s)
= asr(a(sr)*(Dsr N Ds)) = Dsr N st

and then, o (14+) = agr(1(spr)-1,+). We can conclude that

a(s)a(r)o(r*) =a(sr)o(r®).
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(ii) Similarly as in the previous item, notice that 141, is the unit
of D¢« N D,., and that as(1s1g,.) is the unit of as(Dg« N Dyg,).

Moreover,
as(Dg« N Dg,.) = ag(as-(Ds N D)) = Dg« N D,

Hence, 15«1, = as(1s+15.), and then,

U(S*)O(S)U(T) = 1gx0ge5 170 = Lo 11050 gp
= Ofs(lslsr)(ss*sr = 0(3*)0(3T)~

(iii) This follows easily since

a(s)a(s)o(s) (129 Ls0ss+ 1505 = 150555 = 0(8).

O

Theorem 1.6.19. [19, Theorem 4.5.15] Let o = ({Ds}ses, {s}ses)
be an algebraic partial action of S on A such that A is left (right) s-
unital and Ds has a unit 1s, for all s € S. Then (1,0) is a universal
non-degenerate covariant representations of A X4 S in the following

sense:
(a) (1,0) is a non-degenerate covariant representation.

(b) If (m,u) is any other non-degenerate covariant representation of
A Xy S in an algebra B, then there exists a unique algebra homo-
morphism ® : A x, S — B such that

T=®o u=>®oo.

Proof. (a) Let s € S and a € Dg«. Then a € Dgsg, t(a) = adss, and

a(s)i(a)a(s*) = 1505 - abgrs - 15+
= 1505 - adsr = as(a)dss = t(as(a)),

satisfying the covariance condition. By (1.23) we get the non-

degenerance of the pair (¢, 0).
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(b) Take ® = 7 x u defined by

(m x u)(asds) = m(as)u(s),

for all s € S and a, € Dy, as in Proposition 1.6.13 (d). We have already
seen that m X u is an algebra homomorphism.
Let e € E(S) and a. € D.. Then u(e) € E(S), and

(m X u)oilae) = m(ae)u(e) = w(ae)u(e)u(e”) Mol @ 7(ae)
For any s € S, we get that
(1 x u)oo(s) = w(1s)u(s) "2 D u(s),

as required. O
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2 THE INTERPLAY BETWEEN STEINBERG
ALGEBRAS AND SKEW ALGEBRAS

This chapter is based entirely on the paper [5], produced during
the doctorate.

It is our goal in this chapter to link the theory of partial skew
algebras (rings) with the theory of Steinberg algebras, in the same way
as the theory of partial crossed products is linked to Renault’s theory of
groupoid C*-algebras. In particular, we provide an “algebraisation” of a
result by Abadie (see [1]), that shows that any partial crossed product,
associated to a partial action on a topological space, can be seen as a
groupoid C*-algebra. The algebraic version of this theorem permits us
to join results of Li (see [52]), about continuous orbit equivalence of
partial actions on topological spaces, and results of Carlsen and Rout
(see [12]), about diagonal-preserving isomorphism between Steinberg
algebras, to present results regarding diagonal-preserving isomorphisms
of partial skew group ring over commutative algebras.

To complete the interplay between Steinberg algebras and skew
algebras (rings), we show an “algebraisation” of [60, Theorem 3.3.1]
and [63, Theorem 8.1]: Any Steinberg algebra associated to an ample
Hausdorff groupoid can be seen as a skew inverse semigroup algebra. It
is interesting to point out that the definition of a skew inverse semigroup
algebra involves a quotient by a certain ideal (see Definition 1.6.7).
This quotient might seem artificial, and maybe even unnecessary. Our
characterization of Steinberg algebras as skew inverse semigroup rings
is further evidence that the quotient is necessary in the definition of

skew inverse semigroup algebras.

2.1 The Steinberg algebra of a transformation groupoid

Throughout this section, we assume that R is a unital commu-

tative ring, X is a locally compact, Hausdorff, and zero-dimensional
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topological space, and G is a discrete group.

Given a topological partial action § = ({X,}geq, {05}gec) of
G on X such that X, is clopen (closed-open), for every ¢ in G, we
will prove that the Steinberg algebra of the transformation groupoid
associated to 6 can be realized as partial skew group algebras of the
form L.(X) %, G.

In Example 1.5.28, we defined L.(X) as the commutative R-
algebra consisting of all locally constant, compactly supported, R-valued
functions on X, with point-wise operations.

Let 6 = ({X,}gec, {05} 4ec) be a topological partial action of a
discrete group G on X. Similarly to Example 1.5.28, such partial action
induces an algebraic partial action a = ({Dg}geq, {eg}gec) of G on

L.(X) as follows: For each g in G, consider the ideal
Dy ={f € LX) :supp(f) € Xy} in L(X),
and define oy : Dy—1 — Dy by setting,

fob,(x), ifzeX,

ay(f)(@) ={ AR

for all f € D,-1. We can associate to this algebraic partial action « the

partial skew group algebra
L(X) x4 G.

Recall that a general element b € L.(X) %, G is denoted by

b= ngag,

geG

where each f, lies in Dy, and f; = 0, for all but finitely many group
elements g.

Furthermore, we can also associate to the partial action 6 an
étale groupoid, denoted by G xg X, and known as the transformation

groupoid: Let

GxogX={(t,x)|t€G and =€ X;-1}.
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If (s,y),(t,z) € G xp X, then (s,y), (t,z) is a composable pair if, and
only if, 6;(x) = y. In this case, we define the product map by

(s,y)(t, z) = (st,x).

This product makes G Xy X a groupoid, and the inverse of (t,x) €
G xg X is
(t,2)™ = (t7", 0e(2)).

We equip G Xy X with the topology inherited from the product
topology on G x X. By the continuity of each 6, (g € G), the inversion
and product maps are continuous. Since G is discrete and X is Haus-
dorff, we have that the groupoid Gxy X is Hausdorff. Notice that we can
identify X with (G x4y X)© via the homeomorphism i : X — G xg X
given by z — (1,z), and with this, the unit space (G xg X)©® is lo-
cally compact, Hausdorff, and zero-dimensional. Moreover, the range

and source maps can be simplified by
t(t,x) = Oi(z), and s(t,x)=x,

respectively. We have that the range map is a local homeomorphism
of {t} x X;—1 onto X;, and the source map is local homeomorphism of
{t} x X;-1 onto X;-1. Therefore, Gx¢ X is an étale, Hausdorff groupoid.
Since the unit space of Gxy X is zero-dimensional, by Proposition 1.2.8,
G xg X is ample. Therefore, we can consider the Steinberg algebra
ARr(G xp X).

We can now prove the following.

Theorem 2.1.1. [5, Theorem 8.2.] Let 0 = ({X,}gec,{04}qec) be a
topological partial action of a discrete group G on a locally compact,
Hausdorff and zero-dimensional topological space X, such that each X,
is clopen. Let a = ({Dgy}geq,{ag}qec) be the corresponding algebraic

partial action, and G xg X be the transformation groupoid associate to
0. Then L.(X) Xq G and Ar(G xg X) are isomorphic as R-algebras.

Proof. To define a homomorphism p from £.(X) x, G to Ar(G xg X),

we begin defining it on elements of the form f;d,, and then we extend
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it linearly to L£.(X) x4 G. More precisely, for f;0, € L.(X) Xo G and
(t,z) € G xg X, let

Ffa8)(t ) = { B2 € (5} Xy
and denote the linear extension of p to L.(X) X4 G by p.

We claim that p is well defined. For this it is enough to prove
that, for each g € G, p( f404) is a locally constant function with compact
support. Let (t,2) € G xy X. Suppose that (¢,z) € {g} x X,. Since
fq is locally constant, there is a neighborhood U C X, of 64(x) such
that fy|v is constant. Notice that V' = {g} x §,-1(U) is a neighborhood
of (t,x) and p(fg04)|v = fglu, which is constant. Now, suppose that
(t,xz) ¢ {9} x X4. Then (t,z) € G xg X \ supp(p(f40,)), and clearly,
p(fq04) is constant equal to 0 on this subset. We easily see that

SUPp(ﬁ(fg(sg)) ={g} x 9971(Supp(fg)),

which is compact (and clopen). We conclude that 5(f,d,) € Ar(Gx X).
Next we check that p is multiplicative. By linearity, it is enough
to check this on elements of the form f,0, € L.(X) %o G. So, take fyd,
and fpdp in L.(X) xq G and (t,2) € G xp X.
Form the convolution product definition in Ag(G) (see Equa-
tion 1.6), we have that

supp[p(f494) * p(fndn) € supp(p(fydy)) supp(p(frdn))
C ({9} x Xg1) ({h} x Xp1). (2.1)

On the other hand, notice that

supp(ayg(ag-1(fg)fn)) = supp(fy) N Oy (supp(fn)) C Oy(Xy-1 N Xp).
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Hence,

supp(p[(f404) (fndn)]) = supp(plag(ag—1(fg) fn)dgn])
= {gh} x X(gn)-+ Nsupp(ag(ag-1 (fy)fn))
C{gh} x Xgny-1 NOy(Xg-1 N Xp)
= {gh} x 01 (X5 N Xy-1)
= ({g} x Xy-1) ({h} x Xp1). (2.2)

By Equations 2.1 and 2.2, we can conclude that

[5(]05759) * p(fron)](t,x) =0 = P[(fg‘sg)(fh(;h)](ta ),

for all (t,x) € G xg X\ ({g} x Xy-1) ({h} x Xj-1).
If (t,2) € ({g} x Xy-1) ({h} X X},-1), we get that

(t,l‘) = (gaeh(x))(h’x) = (gh,x),

and ((g,0x(2)), (h, z)) is the only pair in ({g} x Xy-1) x ({h} x Xp,-1)
such that the product is (¢, «). Then, in this case,

[0(f90g) * p(fnon)](t, z) = p(f409)(g, On(x))p(fron)(h, x)
= f4(04(0n(2))) fn(0n(2))
= fo(Ogn(2)) fr(0g-1 (Ogn(x))
= ag(ag-1(fg)fn)(Ogn(z))
= plag(ag-1(fg) fn)dgn)(gh, x)
= p[(fg0q)(frnon)](t, ).

Therefore, p is an homomorphism.
To finish, we prove that p is a bijection, by showing that it has
an inverse p~! 1 Ap(GxgX) — Lo(X) %o G given by p=1(f) =3 f404,

where

0, otherwise.

folz) == { f(g,04-1(2)), if veX,

We claim that p is well defined. To this end, we need first to
prove that f, € D,.
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Since the topology of G xg X is the relative product topology
from product topology of G x X and supp(f) is compact, we have
supp(f) = {91, s gn} X K)N (G x9 X), where {g1,--+ ,gn} C G and
K C X is compact. Thus supp(f,) = K N X, is compact.

Let # € X,. Then, there is an open neighborhood W of (g, )
such that f|w is constant. Notice that W is of the form

(HxU)N (G xg X),

where H is open subset of G and U is open subset of X. We have that
V := U N X, is an open neighborhood of x and fy|v is constant. If
x ¢ X, then f is identically null in the open subset X \ X,. Therefore
fq € Dy.

Notice that the set {g € G | f(g,2) # 0, z € X,} is finite
because G is discrete and supp(f) is compact. Then the set {g € G |
[y # 0} is also finite, that is, the sum Y f;0, = p~*(f) is finite.

—1

It is straightforward to check that p~" is the inverse of p. O

Remark 2.1.2. Under the assumptions of the theorem above we re-
mark that partial actions such that each X, is clopen (g € G) are

exactly the one’s for which the envelope space is Hausdorff (see [30]).

Remark 2.1.3. In Chapter 4 we will prove a similar, and more general,
result than Theorem 2.1.1. Furthermore, we will see that the hypothesis

of each X is closed is not necessary.

From the identification of the unit space (G xg X)) with the
space X we have that the diagonal of the Steinberg algebra Ag(GxgX)

is as set
Dpr(G xp X) =Spang{ly | U C X is compact-open},

which is a commutative subalgebra of Ar(G x¢ X), with point-wise

operations.

Corollary 2.1.4. The isomorphism above maps the diagonal subalge-
bra L.(X) d1 onto the diagonal subalgebra Dgr(G xg X).
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2.2 Application to diagonal-preserving isomorphisms

In this section we study diagonal-preserving isomorphisms of par-
tial skew group algebras of the form L£.(X) x4 G. For this purpose we
apply the isomorphism of the previous section and we make use of re-
sults proved in [12] and [52]. We continue to use the same assumptions
on X, G and 6 of the previous section.

By Theorem 2.1.1 and Corollary 2.1.4, we obtain an isomorphism
between the algebras £.(X) %, G and Ar(G xg X) that “preserves di-
agonal”. In [12, Theorem 3.1], Carlsen and Rout characterize diagonal-
preserving (graded) isomorphism between two (graded) Steinberg alge-

bras. For our particular case we will use [12, Corollary 3.2] as follows:

Corollary 2.2.1. [12, Corollary 3.2] Let R be an integral domain. For
1=1,2, let G; be an ample Hausdorff groupoid such that there is a dense
subset X; C GY, such that the group-ring R((G;)%) has no zero-divisors
and only trivial units for all x € X;. Then Gy and Go are isomorphic if,

and only if, there is a diagonal-preserving isomorphism between Ar(G1)
and Ar(Gs).

Recall that if R is an integral domain and G is a group, the
group-ring RG of G is defined by

RG:{Zrigi|n€N,n€RandgieG}.

i=1
An element x € RG is a unit if there exist y, z € RG such that xy =
1 = zx. A unit is trivial if it has the form rg for some r € Rand g € G.
By the previous corollary, we need to find sufficient (and neces-
sary, if possible) conditions such that the group-ring R((G l><9 X)Z) has
no zero-divisors and only trivial units. Let 2 € (G x4 X)(© be fixed.
We have that

(GxgX)z ={(g9,y) € Gxg X [7(g9,y) =2 =15(g9,9)}
{(9,9) € Gxg X | Oy(y) =2 =y}
{(9,2) e Gxg X |z =04(x)}. (2.3)
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Notice that the group (G xg X)Z is isomorphic to a subgroup of G. To
study this subgroup we present some results of [45] below.

An infinite group G is said to be indexed if we are given a homo-
morphism 7y of G in the additive group of integers, such that v(G) does
not consist of zero alone. In general, a group can be indexed in more
than one way. An infinite group G is said to be indicable throughout if
every subgroup of G, not consisting of the unit alone, can be indexed.
Notice that any non-trivial subgroup of an indicable throughout group

is also indicable throughout.

Example 2.2.2. Since any free group is indexed, and any subgroup of
a free group is either a free group or the unit alone, we have that any
free group is indicable throughout. Similarly any free Abelian group is

indicable throughout.

Theorem 2.2.3. [45, Theorem 12] If G is indicable throughout and R

has no zero-divisors then RG has no zero-divisors.

Theorem 2.2.4. [45, Theorem 13] If G is indicable throughout and R

has no zero-divisors then all the units of RG are trivial.
With these two theorems we obtain the following lemma:

Lemma 2.2.5. Let G be an indicable throughout group and let 6 =
{Xg}gea: {bg}gec) be a partial action of G on X. Then the group-
ring R((G xg X)) has no zero-divisors and only trivial units, for all
z € (G xg X)),

Proof. We have that (G xg X)Z is isomorphic to a subgroup of G. Then
this subgroup is indicable throughout or the unit alone. In the first case,
Theorems 2.2.3 and 2.2.4 ensure that R((G xy X )Z) has no zero-divisors
and only trivial units. In the second case, R((Gxg X)) = R({z}) = R,

that also has no zero-divisors and only trivial units. O

Theorem 2.2.6. [5, Theorem 4.5] Let R be an integral domain, let
G, H be indicable throughout, discrete groups, let X,Y be locally com-

pact, Hausdorff, and zero-dimensional topological spaces, and let 8 =
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{Xgtgea: {05} gec) and v = ({Yn}new, {0n}tnecn) be partial actions.
Then the following are equivalent:

(i) the transformation groupoids G x¢ X and H x,Y are isomorphic

as topological groupoids,
(ii) there exists a diagonal-preserving isomorphism

I: AR(G Xg X) — AR(H Xy Y),

(#ii) there exists a diagonal-preserving isomorphism

D:L(X)xG — L(Y)x H.

Proof. “(i) < (i1)” By Lemma 2.2.5, the hypotheses of Corollary 2.2.1
are satisfied and thus we get the two implications.

“(i1) = (i19)” Let pg : L(X) X G — Ar(G x¢ X) and pp -
L.(Y)x H — Ag(H x,Y) be the isomorphisms given by Theo-
rem 2.1.1. Define ® : L.(X) % G — L(Y) x H by ® = p;' oT 0 pg.

Clearly @ is an isomorphisms and

B(Lo(X)61) = pi 0T 0 pa(Le(X) 61) =" piyt o T(DR(G x4 X))

= ot (Dr(H x, Y)) "5 Lo(Y)o1.
“(44i) = (4i)” Similar to the previous one, just take I' = pgo®opst. O
P P

The above theorem can be applied, for example, to Leavitt path
algebras, since they can be seen as partial skew group rings associated
to a partial action of the free group, generated by edges of the graph
(see [40][Theorem 3.3]).

In [52, Theorem 2.7] X. Li characterizes diagonal-preserving iso-
morphisms of partial C*-crossed products, over commutative algebras,
in terms of continuous orbit equivalence of the associated partial acti-

ons:

Theorem 2.2.7. [52, Theorem 2.7] Let G, H be discrete and countable
groups, let X,Y be locally compact, Hausdorff topological spaces, and let
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0 = {Xglgea, {05} gec) and v = ({Ynthewm, {0ntnen) be topologically

ree partial actions. Then the following are equivalent:
g
(i) 6 and 7 are continuously orbit equivalent,

(i1) the transformation groupoids G x¢ X and H x,Y are isomorphic

as topological groupoids,

(i) there exists an isomorphism ® : Co(X) %, G — Co(Y) %, H

Moreover, “(ii) = (i)” holds in general (i.e., without the assumption

of topological freeness).

We are now able to add two additional equivalent conditions to
continuous orbit equivalence of partial actions, in terms of Steinberg
algebras and partial skew group rings. Before we do this we recall the

notion of topologically free partial action below.

Definition 2.2.8. A partial action 8 = ({X,}geq, {0y} 4ec) of group
G on locally compact, Hausdorff topological space X is topologically
free (or effective) if, for every g € G\ {1}, the set

{rx e Xy-1]04(x) #x}

is dense in X 1. This is equivalent to saying that, for every 1 # g € G,
the set
{xe Xy |0y(x) =}

has empty interior.

Remark 2.2.9. Let 0 = ({X,}4eq,{0,}4ec) be a partial action of a
group G on locally compact, Hausdorff topological space X. Then, 6 is
topologically free if, and only if, the transformation groupoip G xg X
is effective. In Chapter 4, we will prove this result for the more general

case of partial actions of inverse semigroups, (see Proposition 4.2.1).

Definition 2.2.10. Let 6 = ({X,}geq, {04}gcc) be a partial action of
a group G on a topological space X. We define,
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(a) for z € X fixed, the subset G, = {g € G |z € X,-1} of G.
(b) the subset A = {x € X | §,(z) # z, forall g € G, \ {1}} of X,
We say that 0 is topological principal if A is dense in X.

Lemma 2.2.11. Let § = {X }gec, {0}qec) be a partial action of
a group G on a locally compact, Hausdorff topological space X. Then
0 is topologically principal if, and only if, the transformation groupoid

G g X s topologically principal.
Proof. 1t suffices to prove that
A={z e X | (G xgX)7 ={x}}. (2.4)
By Equation 2.3, we have already seen that, for any = € X,
(Gxg X)i={(g,2) € Gxg X | Oy(x) = z}.

Thus (G xg¢ X)% = {«} if, and only if, §,(x) # =, for all g € G, \ {1},
which shows that Equality 2.4 holds. O

Lemma 2.2.12. [52, Lemma 2.4] Let 0 = ({Xg}gec,{0g}qec) be a
partial action of a discrete group G on a locally compact, Hausdorff
topological space X . If 0 is topologically principal, then 0 is topologically

free. The converse is true if G is countable.
Proof. For any g € G with g # 1, notice that
ANX, 0 C{oe Xy | 0y(x) #a}.

Then, by the density of A in X, {z € X,-1 | 04(z) # z} is dense in
X,

To prove the converse, notice that the subset {z € X -1 | 04(z) =
x} is an open subset of X -1, and that {z € X -1 | 0y(x) = z} U
(X \ X,-1) is dense in X. By the Baire category theorem, we conclude
that

A= ) {zeXg|y(x)#a}U (X \X,0)
geG\{1}

is dense in X. O



96 Chapter 2. The interplay between Steinberg algebras and skew algebras

Remark 2.2.13. Let 0 = ({X,}geca, {05}9ec) be a partial action of
a discrete group G on a locally compact, Hausdorff topological space
X. Notice that by the combination of Remark 2.2.9, Lemma 2.2.11 and
Lemma 2.2.12, we obtain as result a particular case, for the transfor-
mation groupoids, of Renault’s Proposition about effective and topo-
logical principal groupoids (see Proposition 1.2.18). More precisely, if
the transformation groupoid G xy X is topologically principal, then
G xg X is effective. The converse is true if we add that G xg X is

second countable.

Let 6 be a partial action of a group G on a topological space X.
We denoted by G+ X the subset {(g,2) € G x X |z € X;-1} of Gx X.

Definition 2.2.14. [52, Definition 2.6.] Two topological partial actions

0 = ({Xgtgea: {0g}gec) and v = ({(Vitnen, {v}nen) are called con-
tinuously orbit equivalent if, there are a homeomorphism ¢ : X — Y,
and continuous maps a: G*x X — H, b: H*Y — G such that

(i) @(0g(2)) = Ya(g,2) (0(2)),
(i) @7 (m(Y) = Oo(ny) (™" (W))-
Implicitly, we require that a(g,z) € Hy,) and b(h,y) € G -1(y).
Before we state our next Theorem we need the following lemma.

Lemma 2.2.15. Let R be an integral domain and 6 be a partial action
of G on X. If 0 is topologically principal, then there is a dense subset
Z C (G xp X)) such that the group ring R((G xg X)?)) has no zero-

divisors and only trivial units for all z € Z.

Proof. By Lemma (2.2.11) the groupoid G x4 X is topologically prin-
cipal, that is, there exist a dense subset Z of (G xg X)) such that
(G xg X)2 = {z}, for every z € Z. Thus for z € Z we have that
R((G xg X)2) = R({z}) = R, which has no zero-divisors and only

trivial units. O
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Theorem 2.2.16. [5, Theorem 4.9/ Let R be an integral domain,
let G,H be discrete groups, let X,Y be locally compact, Hausdorff,
zero-dimensional spaces, and let 0 = ({Xg}lgeq,{0q}tgec) and v =
{Yntnem, {On}nem) be topologically principal partial actions. Then the

following are equivalent:
(i) 0 and vy are continuously orbit equivalent,

(i1) the transformation groupoids G x¢ X and H x,Y are isomorphic

as topological groupoids,

(iii) there is a diagonal-preserving isomorphism I' : Ap(G xg9 X) —
AR(H X Y),

(iv) there is a diagonal-preserving isomorphism ® : L.(X) x G —
L.(Y)xH.

Moreover, “(ii) = (i)” holds in general (i.e., without the assumption

of topological freeness).

Proof. “(i) & (ii)” See Theorem 2.2.7.
“(it) < (i4)” By Lemma (2.2.15), the hypotheses of Corol-
lary 2.2.1 are satisfied and hence we get the desired implications.
“(ii1) < (iv)” Analogous to the proof of “(ii) < (iii)” in Theo-
rem 2.2.6. O

Remark 2.2.17. If we change the assumptions about the groups G, H
and the partial actions 6,7 in the previous theorem to: let G, H be
discrete and countable groups and let § = ({X,}seq, {0}gec) and
¥ = ({Yn}new, {0n}ren) be topologically free, by Lemma 2.2.12, we

obtain the same equivalent conditions (i) - (iv).
2.3 Steinberg algebras realized as partial skew inverse se-
migroup algebras

In this section we will show that every Steinberg algebra can be

realized as a skew inverse semigroup algebra. This is an “algebraisation”
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of [60, Theorem 3.3.1] and [63, Theorem 8.1].
From now on we fix an ample Hausdorff groupoid G. By Pro-
positions 1.2.6 and 1.2.8, the set of all compact-open bisections in G,

denoted by G¢, is an inverse semigroup under the operations defined by
BC={bceG|be B, ceC and s(b) =t(c)},

and
B~'={v"'|be B},
for all B,C € G®. The idempotent semilattice of G* consists precisely

of the compact-open subsets of G(?), and the inverse semigroup partial
order in G* is defined by

A<B <+ ACB,

where A, B € G*.

Similarly to Example 1.5.9, we get a topological action of inverse
semigroup which is intrinsic to every ample Hausdorff groupoid G. More
precisely, the inverse semigroup G% acts on the G(9), which is a locally
compact, Hausdorff, and zero-dimensional topological space as follows:
Given a compact-open bisection B of G, we have that the map fp :
s(B) — t(B) defined by

05 (u) = v(sp' (u)),

for all u € s(B), is a homeomorphisms, and the collection

0 = ({s(B)} pege » {0} pege)

is a topological action of G on the G(?). We say that 6 is the canonical
action of G* on GO,
As mentioned in Example 1.5.28, from the canonical action 6 of

G® on G we get a corresponding action

a = ({DB}Bega 7{aB}B€g“)

of G* on the R-algebra £.(G©) of all locally constant, compactly sup-

ported, R-valued functions on G(©), where R is a unital commutative
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ring. More precisely, for every B € G% we have that ap is an iso-

morphism from
Dp- = {f € Lo(¢") | supp(f) C s(B)}

onto

Dp = {f € £c("") | supp(f)  (B)},
which is defined by

foG‘B*(x), 1fx€t(B)

O‘B(f)(x):{ 0 itz ¢ t(B).

We can now prove last theorem of the this chapter.

Theorem 2.3.1. [5, Theorem 5.2] Let G be an ample and Hausdorff
groupoid, let 8 be the canonical action of the inverse semigroup G* over
the unit space GO, and let o be the corresponding action of G* on
L.(G?). Then the Steinberg algebra Ag(G) is isomorphic to the skew

inverse semigroup algebra L£.(G?)) x4 G®.

Proof. We will first show the existence of an epimorphism
¥ L) = Ar(9),

that vanishes in the ideal N («) (thus, we can extend ¢ to an epi-
morphism ¢ of the quotient £(a)/N(a) = L(G@) x4 G%). To con-
clude, we will show that 7:/; admits a right inverse map ¢. Define the
homomorphism % : L(«) = Ag(G), on the elements of the form fpdp,
by

fe(x(x)) ifzeB

Y(fpop)(x) = { 0 ifz¢ B

and extend it linearly to L(«).

We need to show that 1 is well defined, that is, the function
Y(fpdp) is locally constant and has compact support.

If z € G\ B then G\ B is an open neighborhood of z and

Y(fBdB)lg\B = 0. Now, if x € B then ¥(fpdp)(x) = fp(r(z)). Since
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fB is constant locally, there is an open neighborhood V' of t(z) such
that fp|v is constant. We can take V' C t(B) because t(B) is open.
Thus t5' (V) is an open neighborhood of z and ¢(fdp)| V) = fBlv

is constant. Moreover,

supp(¥(fBdp)) = B Nsupp(fp o),

is a compact subset of G(9), since t is a homeomorphism and supp(fz)
is compact subset of G(©). Hence 9(fpdg) € Ar(G).

Next, we will verify that v is multiplicative. By linearity, it is
enough to verify that this application is multiplicative in the homoge-
neous terms. So, let fgdp, fodc € L(a) and z € G. Then,

Y(fBdpfoic)(x)
= Y(ap(ap-(fB)fc)dpc)(x)
. ap(ap-(fB)fo)(t(x)), ifr € BC
N 0, itz ¢ BC
v(2)€x(B) ap-(fg)fc(0p-(x(z)), ifze BC
ap-(fp(0p-(x(z)) fc(0p-(x(x)), ifz € BC
0, ifz ¢ BC
Op- (x(x)es(B)] [p(v(x))fo(0p-(x(z)),  ifwe BC
_ (@) fe(sp(rg (x(z)))), ifr € BC
O» ifCU ¢ BC

If x € BC then there are b € B and ¢ € C such that s(b) = t(c) and
x = be. Notice that b is the only element of B such that t(b) = v(x) €
r(B). Thus

t5' (v(x)) = b, and sp(t5' (¢(x))) = sp(b) = 5(b).
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Hence
fe(x(x)) fo(s(d)), ifbe B,ce Cand x = bc

B 0, otherwise.

st)=c(o) | [B(t(x))fc(r(c)), ifbe B,ce C and x = be
B 0, otherwise.

@)=c) | [fB(x(b))fc(x(c)), ifbe B,ce C and x = bc
B 0, otherwise.
= U(fBdB)(0)Y(fcdc)(c)

s(b) = t(c)
T = bc

= Y(fedB)Y(fcic) ().

In order to prove the surjectivity of ¥, let f € Ar(G). We have

seen that f can be written as

n
Z T 131 9
i=1
where n € N, r; € R, and B; are pairwise disjoint compact-open bisec-
tions, for all ¢ =1,--- ,n. For each 4, we define fp, by

) if x € v(B;)
fB,(-T) = { 0, ifr e g(O) \t(Bi).

Clearly fp, belongs to Dp,. For y € G we have that

. Ti, lnyBZ
Lo ity B

that is, ¢¥(fp,0p,) = rilp,. Taking F =" | f5,05, € L(«) we obtain
that

¢(F) = ZrilBi = fa
=1



102 Chapter 2. The interplay between Steinberg algebras and skew algebras

and thus 1 is surjective.
Next we will show that (N (a)) = {0}, where N(«) is the ideal
of L(«) generated by the set

{fop—féa | BC A and f € Dp}.

Since 9 is a homomorphism it is enough to show that ¢ is zero on the
generators of N(«a). Let z € G.

e Ifz¢ A thenz ¢ B and
¥(foB)(x) — ¥ (fda)(x) = 0.
o If z € A\ B, then t(z) € t(A) \ t(B) (x is injective in A). Thus
U(fép)(x) —¥(fda)(@) = ¥(foa)(z) = f(x(x)) =0,
because f € Dp and t(x) ¢ t(B).
o If z € B, then z € A and
U(fop)(x) = (foa)(x) = f(x(x)) — f(x(x)) = 0.

This proves that 1 vanishes on A («).
We can now define a map v from the quotient £/Z = £(G©)x,,
G* to Ar(G). Given fp,dp, € EC(Q(O)) X G2 let

v (Z fBiési) = (Z fBi53i> :
=1 i=1

Notice that t 1 is well defined since ¥(N(a)) = 0. Clearly 1 is
a surjective homomorphism.

In order to prove that {E is an isomorphism, it suffices to verify
that {/}v admits a left inverse. To this end, consider the map ¢ : Ag(G) —
L.(GD) x4 G* defined as follows: Given f € Ag(G), we can writte f

as n
f=2 bils,
j=1
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where n € N, B; are pairwise disjoint compact-open bisections of G and
bj #0, forall j =1,--- ,n. Define

o(f) = <Z bﬂm) =Y biles,)08;-
i=1 j=1

We claim that ¢ is well defined. Suppose that f can also be
written as f = >_", ¢xlc,, where Cp,---,C,, are pairwise disjoint
compact-open bisections of G and ¢y, - , ¢, are nonzero elements of
R. Notice that,

n m
U Bj =swp(f) = | G
j=1 k=1
where these unions are disjoint. Moreover, for any j, B; is equal to the

disjoint union | J;—, (B; N Cy), as well as, for any k, C is equal to the
disjoint union U;.lzl(Bj N Cj). We can then conclude that

Since the collection {C; N Bk}j i 18 pairwise disjoint, this implies that
bjlp,;nc;, = ckleyns,,

for every pair ¢, 7. Composing both maps, on the right side, with té}mckv

we obtain
bjluB,ncy) = Ckle(cinB;)>

for every pair i, j. Since, for any j, B; is a bisection, we get

‘C(Bj) = ’C(Bj NCg).

s

1

k

Analogously, for any k,

n

Y(Ck) = U ‘C(Bj n Ck)

j=1
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With this we obtain

n n m
ijlt(Bj)53 Zb Lum e(B;nCy)0 Zzb «(B,NC1,)0B;
j=1

Jj=1k=1
- Z Z bjle(B;nCi)0B;NCk = Z Z ckle(Bncy) 00K
jfl k=1 k=1 j=1
= chlun (B,0C008, = ¥ Ckle(cy)0cy,
k=1

proving that ¢ is well defined.
We need to show that goo{/; is the identity map of £.(G®) x,G.

Notice that, since each fg € Dp can be written as

m
fB= chle
k=1

where m € N, ¢, € R and By, are pairwise disjoint compact-open sub-
sets of v(B) such that UJ" , By, C t(B), we have that

Y(fop)(z) = { ket kel (v(2), ifxre B

0, ife ¢ B
. Ck, ifx e Bmt_l(Bk)
B 0, otherwise.

Since the subsets B Nt~ !(By) are pairwise disjoint compact-open, we
have that

V(fBoB) chler (By)-

Thus,

¥o J(fB(;B) =¢ot(fpdp) = (Z Cleﬁtl(Bk)>
k=1

v(Bnr~ 1(B ))=B _
= chlt(er (Bw))OBNe—1(By) B chlBkderl(Bk)
k=1 k=1

B,)CB
e ZClekfsB = ZClek5B = (Z Clek> o5 = fBop.

k=1 k=1
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Notice that @Z is additive. If we prove that ¢ is also additive, then

we have that
¢ OJ(Z fBdp) = Z(sﬁ o p(fpip)) = ZfB5B-

and so we conclude that zz is an isomorphism as desired.
So it remains to prove that ¢ is additive. Suppose that f,g €
ARr(G) have representations

f:zn:rilAi and Em:slej,
i=1 j=1

where A;’s and B;’s are pairwise disjoint compact-open bisections. We
can, if necessary, add terms of the form 0 - 1p,\supp(s) to the represen-
tation of f, and similarly for g, add terms of the form 0 - 1¢,\supp(g)>

and assume that (J;_, C; = Uj_, D;. Therefore we may rewrite

f = ZrilciﬂDj a’nd g = Zsj]'Ciij7
i,j 4,7
and hence
f+g= Z(Ti +sj)1cinp;,
i,
and the definition of ¢ readily implies o(f + Ag) = o(f) + ¢(g). O

Remark 2.3.2. Let 0 = ({X,}geq, {05}gcc) be a partial action of a
discrete group G on a locally compact, Hausdorff, and zero-dimensional
topological space X. By Theorems 2.1.1, we get

AR(G X X) = L(X) xp(G xg X),

where (8 is the action of the inverse semigroup (G xy X)® on the R-
algebra L£.(X) associated to canonical action of (G xg X)* on the unit
space (G xg X)(® = X. On the other hand, by Theorem 2.1.1, we have
that

AR(G xg X) =2 L(X) x,G,

where « is the partial action of the group G on the R-algebra L.(X)

associated to the partial action 6.
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3 SIMPLICITY OF SKEW INVERSE SEMIGROUP
RINGS

This chapter is based entirely on the paper [3], produced during
the doctorate. We shall be concerned with the simplicity of skew inverse
semigroup rings A X, S when A is a commutative ring. Our interest
to study this class of rings comes from its connections with topological
dynamics (see Section 3.2), and the fact that any Steinberg algebra,
associated with an ample Hausdorff groupoid, can be realized as a skew
inverse semigroup ring (see Theorem 2.3.1).

The interplay between topological dynamics and crossed pro-
ducts algebras is a driving force in the field of C*-algebras and has
motivated the study of relations between topological dynamics and pu-
rely algebraic objects (as Steinberg algebras). By applying our main
results we can describe connections between simplicity of the skew in-
verse semigroup ring associated with a topological partial action and
topological properties of the action. The techniques we employ here are
quite different from the ones used in [37].

This chapter is organized as follows. In the first section, we prove
the main result of this chapter, which yields a complete characteriza-
tion of simplicity of skew inverse semigroup rings in the case when A
is commutative (see Theorem 3.1.5). In Section 3.2 we apply our re-
sult in the context of topological dynamics: Given topological partial
action of an inverse semigroup on a locally compact, Hausdorff and
zero-dimensional space, we show that the associated skew inverse semi-
group ring is simple if, and only if, the action is minimal, topologically
principal and a certain condition on the existence of functions with
non-empty support on ideals of the skew inverse semigroup ring holds.
(The aforementioned condition has the same flavour as the one presen-
ted in [15] for groupoids. We were not aware of the work in [15] while
developing Section 3.2). Finally, in Section 3.3, based on the previous

chapters, we apply our main result to get a new proof of the simplicity
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criterion for a Steinberg algebra Ar(G) associated with a Hausdorff and

ample groupoid G (see Theorem 3.3.1).

3.1 Simplicity of skew inverse semigroup rings

Throughout this section we shall make the following assumpti-
ons: Any given partial action o = ({as}ses, {Ds}ses) of S on a ring A
has the property that A and each ideal D, for s € S, are s-unital.

Our goal is to give a characterization of simplicity for skew in-
verse semigroup rings A X, S in the case when A is commutative (see
Theorem 3.1.5).

Before we proceed, let us first recall some of the notations and
results established in Section 1.6.1. By Lemma 1.6.14, the map 7 :
A Xy S — A defined by

7 (Zad) => ., (3.1)
ses seS

is a well-defined additive map. Recall that the diagonal D of the par-
tial skew inverse semigroup ring A X, S is the subring generated by
the elements of the form ad,, where e € E(S) and a € D.. By Pro-
position 1.6.16, the ring A is isomorphic to D via the isomorphism
¢ : A — D defined by

0] (i ae,L) = iaeiéei, (3.2)
i=1 i=1

where n € N, ¢; € E(S) and a., € D, for i € {1,---,n}. Clearly,
if A is a commutative ring, then the diagonal D is also commutative.
Therefore, we will identify A and D and use A and D interchangeably.

It does not make sense to speak of the support-length of an
element in the quotient ring A %, S. However, given any element a €
A o S we may speak of the minimal support-length of a representative
of a, i.e. an element x € L(«) such that a = T. We make the following

definition.
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Definition 3.1.1. For each non-zero a € A X, S we define the number

n(a):min{|p| ‘ azZasés and as#OforallseF},

SEF

where |F'| denotes the cardinality of the finite set F.

Recall that the centralizer of a non-empty subset M of a ring
R is the set of all the elements of R that commute with each element
of M. If the centralizer of M is M itself, we say that this set is maxi-
mal commutative in R. Notice that a maximal commutative subring is

necessarily commutative.

Theorem 3.1.2. [3, Theorem 3.4] Let A be a commutative ring. Then
A = D is a mazimal commutative subring of A X4 S if, and only if,
J N A # {0} for each non-zero ideal J of A x4 S.

Proof. We first show the "if” statement. To this end, suppose that
A 2 D is not a maximal commutative subring of A x, S. We now wish
to conclude that there is some non-zero ideal J of A x, S such that
JND={0}.

Let ¢ = ) ¢s05 € (A Xy S)\ D be an element that commutes
sEF

with all the elements of D. Since ¢ commutes with ad,, for each e € E(S9)
and a € D., we get that

Z acsées = Z Qg (as* (Cs)a)(ssa

sEF seF

and hence
Z 0Cs0es — Z as(ag(cs)a)dse € N(a).
seF seF

Using that 7(N(a)) = {0} we get that

Z (acs — as(as«(cs)a)) = 0. (3.3)

seF

Notice that = := > cs0s5- — > €505 # 0. Otherwise we would have
seF sEF

c= > cs0s =Y, cs0ss+ €D.
seF seEF



110 Chapter 3. Simplicity of skew inverse semigroup rings

Now, let J be the non-zero ideal of A x, S generated by the

element z. Each element of J is a finite sum of elements of the form

Oy Oy TAy0y, Aydyx and xay,d, for u,v € S and a, € Dy, b, € D,. By

the fact that ss* € F(S) and ass+ = idp we notice that

ss* )

auauxav(sv = auéu (Z Cséss* - chas> m

seF seF

= Z Qi (au* (au)csav)éuss*v - Z au(au* (au)as (as* (cs)av))5u5v7

SEF seF

and hence, by Equation (3.3), we get that

T (auéuxav(sv) = Z Oéu(au* (au)csav) - Z au(au* (au)as (O‘S* (CS)av))

seF sel

= Oy (au* (au) Z(Csa’v - aS(as* (Cs)av))> =0.

sEF

Analogously, one may show that 7(a,0,r) = 0 and 7(za,d,) = 0. This
shows that 7(J) = {0}.

Take any y € J ND. Then y = Y7, a;de,, for some n € Z,
e; € E(S) and a; € D, for i € {1,...,n}. Notice that

Hence y = 0 (by the same reason that ¢ is well-defined in Proposi-
tion 1.6.16). We now conclude that J ND = {0}.

Now we show the “only if” statement. Suppose that D = A is a
maximal commutative subring of A x, S. Let J be a non-zero ideal of
A X, S. Take x € J \ {0} such that n(xz) = min{n(y) | y € J \ {0}}

and write z = Y x5d,, where |F| = n(z). Choose some h € F, and let
sEF
1, € Dy, be such that 1,2, = xj. Since Dy, C Dpp+ then 1, € Dpps+,

and

1,02 = 21,08 + Z 1h2s0nnes-
seF\{h}
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Using that hh*s < s, for each s € S, we get that 1,z,0pp+5s = 1pTs0s

and hence
1n0pn+x = xpopn + Z 1pzsds.
seF\{h}
Let
y=2—Tdmex = Y (Lnws —z4)ds
seF\{h}

and notice that y € J. Using that n(z) is minimal and y € J we

conclude that y = 0. Thus, we have that Y 1pxds= >, x40
seF\{h} s€F\{h}
and hence
T = 0, + Z 1,240s.
seF\{h}

In particular, 15,0pp« © = x # 0 and, since

1n0nh © = 1405 ap+(14)0n+ @,

we have that aps(1p)dp+  # 0. Let z = ap+(14)0p« © € J and notice

that z is non-zero and

2= Qp= (1h)5h*$ = Qp~* (mh)éh*h + Z ah*(lh)5h*1’s5s
seF\{h}

= ap-(@n)0nen + Y ne(LnTe)Ones.
seF\{h}

Now, let ad, € D be arbitrary and consider the element
p=ad.-z—z-ad. € J. We have that

p = acn-(@n)denns  + Y, acn-(Lnws)denss
seF\{h}
— aps(@n)adhne — D nes(@sen(ans(1n4))a)0nese.
seF\{h}

Since A and E(S) are commutative, we have that

p = Z ao‘h*(lhxs)éeh*s - Z ah*s(as*h(ah*(lhzs))a)(sh*se-

seF\{h} seF\{h}
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Using that eh*s < h*s and h*se < h*s, we have that

po= Y, aon-(Lnw)ones— > ones(aen(an (154))a)dnes.
seF\{h} seF\{h}
Hence, n(p) < n(z) and by the minimality of n(x) we conclude that
p=0.
But this implies that ad. - z = z - ad.. Therefore

n n
E @il -2 =2+ E a;0e;
i=1 i=1

for all 37" | a;0., € D. Since D = A is maximal commutative, we get
that z € D. We conclude that J ND # {0}. O

Corollary 3.1.3. [3, Corollary 3.5] Let A be a commutative ring. If
A X, S is simple, then A = D is a maximal commutative subring of

Ax, S.

Recall that an ideal I of A is S-invariant if as(INDg-) C I holds
for each s € S. The ring A is said to be S-simple if A has no non-zero

S-invariant proper ideal.

Proposition 3.1.4. [3, Propostion 3.6] Let A be a ring. If A x4 S is
simple, then A is S-simple.

Proof. Let I be a non-zero S-invariant ideal of A. Define the set

H:{ZaséseAan aSEIﬂDS,SES}.
ses

Notice that H # {0}. Indeed, let a € I be non-zero and let
u € A be such that ua = a. By the non-degeneracy of a there are
idempotents e1,...,e, € E(S) such that u = Z?:l u;, with u; € D,
for i € {1,...,n}. Clearly,

O#Q:ua:iuia.

i=1
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Using that I is an ideal of A, we get that u,a € IND,, fori € {1,...,n},
and hence >, u;ad,, € H. Let ¢ denote the ring isomorphism from
the proof of Proposition 1.6.16. Using that a # 0, we get that

Zuiazsei =¢ (Z ui> = ¢(a) #0.
i=1 i=1

Moreover, H is a left ideal of A x, S. Indeed, if a,.0,, € A x4 S
and as € I N Dy then (a,9,)(as0s) = a,(ap+(a,)as)drs. Since I is S-
invariant, a,(a,«(ar)as) € I, and from the definition of a partial action

we get that a,(a,«(ar)as) € Dys. Hence, a,.0,a505 € H.

Similarly, H is a right ideal of A xS and hence, by the simplicity
of A x, S, we obtain that H = A x, S. From the definition of H
we immediately see that 7(H) C I, and from what was done above,
T(H) =T(A x4 S) = A. Thus, I = A and therefore A is S-simple. [

We are now ready to state and prove the main result of this

section.

Theorem 3.1.5. [3, Theorem 3.7] If A is a commutative ring, then

the following two assertions are equivalent:
(i) The skew inverse semigroup ring A X S is simple;

(i) A is S-simple, and A = D is a maximal commutative subring of

A, S.

Proof. (i)=-(ii): This follows from Corollary 3.1.3 and Proposition 3.1.4.

(ii)=-(i): Let J be a non-zero ideal of A x, S. By Theorem 3.1.2,
J ND + {0}.

Put K =7 ND and K’ = ¢~ 1(K), where ¢ : A — D is the ring
isomorphism from Proposition 1.6.16. Clearly, K’ is a non-zero ideal of
A. Now we show that K’ is S-invariant.

Take an arbitrary s € S and an arbitrary a, € K'ND,. Pick 1, €
D, such that 1;as = as. By the definition of A there are idempotents
€1,...,en € 5, and elements a., € D,,, for i € {1,...,n}, such that
as =Y i ae; and ¢p(as) = D1, ac,0e, € K. We notice that
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e (10)0e = e,0c, - 1s0s = e (1)06x - Y _ a,0c, - 1oy
1=1 i=1

isin JNA = K and hence - (as) = ¢~ (e (as)04-5) € K. Therefore
K’ is S-invariant. Using that A is S-simple we conclude that X' = A.
Now, consider the arbitrary element a,ds € A x, S. By letting
1, € D, be such that 1,a; = as. We have that 1, € A = K’. Hence there
are idempotents fi,..., f, € E(S) and u; € Dy, for j € {1,...,m},
such that 1, = Y27 u; € K" and ¢(1,) = Y7, u;dy, € K C J. Thus,

m m

m
fis<s
as0s = lgas,0s = g Uj a,sés:E Ujas0s = E Ujas0f,
J J Jj=1

=1 =1

= Zujéfj (asds) = Zujéfj asds € J.
j=1 j=1
This shows that A x, S = J as desired. O

3.2 An application to topological dynamics

In this section we will apply our main results and connect to-

pological properties of a partial action of an inverse semigroup S on
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a topological space X with algebraic properties of the associated skew
inverse semigroup ring L.(X) x4S.

With this purpose, throughout this section, we assume that § =
({0s}ses,{Xs}scs) is a topological partial action of an inverse semi-
group S on a locally compact, Hausdorff, zero-dimensional topological
space X. From the partial action 6§ we get a corresponding partial ac-
tion @ = ({@s}ses, {Ds}scs) of S on the R-algebra L.(X), of all locally
constant, compactly supported, R-valued functions on X, where R is a
unital and commutative ring (see Example 1.5.28).

For a subset T' C X, we define

JI)={feLcX)]| f(x)=0, forall x € T'}.

Clearly, the set I(T") is an ideal of L.(X). Moreover, since every function
in £(X) is continuous, we conclude that J(T') = J(T'), where T' denotes

the closure of T.

Lemma 3.2.1. Let R be a field. Then every ideal J of L.(X) is of the
form
JF)={fe LX) | f(x) =0, forallz € F},

where F' is a closed subset of X given by
F={xeX | f(x)=0, forall f € J}.

Proof. Let J be an ideal of L£.(X). Using that every function f €
L.(X) is continuous, we have that the subset F = {x € X | f(x) =
0, for all f € J} is closed in X. Clearly, J C J(F').

Now, take any f € J(F'). Counsider the set U = supp(f). Notice
that UNF = @. If € U, then ¢ F and there exists some f, € J
such that f,(x) # 0. We have that

UC | J{yeX | faly) # 0} = [ supp(f).
zelU zelU
By compactness of U we may find finitely many points z1,...,z, such
that . .
=1

i= i=1
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Consider Uy = supp(fs,) and U; := supp(fs,) \ U;;:ll supp(fa,,)
for all i € {2,...,n}. We have that

U supp(f2) = J Ui,
=1

i=1

where the last union is a disjoint union of compact-open subsets.
Let g =" | fz;-1u,. Using that f,, € J, foreachi € {1,...,n},
we have that g € J. Notice that g(x) # 0 for all x € U. We define

1 .
0 ife ¢ U

and notice that h € L.(X). Clearly, f = f-g-h € J. In fact, g-h is a
local unit for f. O

Remark 3.2.2. Let R be a field. Notice that, by Lemma 3.2.1, every
ideal J of L.(X) is of the form

I(U) == J(X\U) ={f € Lc(X) | supp(f) C U},
where U is an open subset of X defined as

U={ze€ X | thereis f € J such that f(z)#0} = U supp(f).
feJ

Let 6 = ({0s}ses, {Xs}ses) be a topological partial action of an
inverse semigroup S on a locally compact Hausdorff space X. Recall
that a subset U of X is invariant if 0,(U N Xg+) C U for all s € S. The
topological partial action 6 is minimal if there is no non-empty, proper
and open invariant subset of X.

Let R be a field. It is easy to see that if U is an open invariant
subset of X then the associated ideal I(U) is invariant. Conversely,
every invariant ideal corresponds to an open invariant subset of X.
Indeed, suppose that I is an invariant ideal of £.(X). By Remark 3.2.2
there is an open subset U of X such that I = I(U). Take s € S,
x € UN X, and suppose that 05(z) ¢ U. Let K C U be a compact-

open neighbourhood of x (it exists since X is zero-dimensional). Notice
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that the function 1x is contained in I(U). Since [ is invariant, a,(1x) €
I(U), that is, 1x o0 04« € I(U). But then we get that

1=1k(z) =1k (0s 0 05(x)) = 1k 0 0, (05(x)) = 0.

Therefore U is invariant.

From the previous paragraph we obtain the following result.

Proposition 3.2.3. Let R be a field and let 0 = ({0s}ses, {Xs}ses)
be a topological partial action of an inverse semigroup S on a locally
compact, Hausdorff and zero-dimensional space X. Then 6 is minimal
if, and only if, L.(X) is S-simple (with respect to the action « associated
with 0).

The notion of a topologically free (or effective) topological par-
tial action is already well-known for partial group actions, see Defini-
tion 2.2.8. In this case, the freeness of a topological partial action is
directly linked with the diagonal maximality of the skew group ring

associated with this partial action.

Proposition 3.2.4. Suppose that 0 = ({X;}iea, {0t }iea) is a topolo-
gically free partial action of a group G on X. Then L.(X) &1 is mazimal

commutative in Lo(X) X,G.
Proof. The proof is analogous to the proof of [37, Proposition 4.7]. 0

With intention of generalizing the above result, we will now pre-
sent the notion of topologically principal partial action of an inverse
semigroup, which was introduced in [2], and the definition of effective
(or topologically free) partial action of inverse semigroup, which was
introduced in [32].

Let 0 = ({Xs}ses,{0s}ses) be a partial action of an inverse
semigroup S on a set X. The subset {s € S|z € X} of S will be
denoted by S,.

Definition 3.2.5. [32, Definition 4.1] Let 8 = ({Xs}scs, {0s}ses) be
a partial action of an inverse semigroup S on a topological space X.

Given z € S and s € S,, we say that
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(a) z is fized by s if 05(z) = z,

(b) x is trivially fized by s if there is e € E(S) such that e < s and
z € X,

(c) 0 is effective (or topologically free) if, for every s in S, the interior
of the set of fixed points for s coincides with the set of points

trivially fixed by s. Symbolically, 6 is effective if

int {x € X,

0s(x) =z} = {x € X,

Jdec E(S),e<sand z € X.}.
(3.4)

Remark 3.2.6. The inclusion “27” in (3.4) is always satisfied. Indeed,
notice that if x is a trivial fixed point for s, then there is e € E(S) such
that e < s and x € X,, and

Os(x) = be(z) = x,

that is, x is a fixed point for s. Moreover, since X, C X, we have that
every y € X, is trivially fixed for s. This show that the set of trivial
fixed points for s is open, and hence it is necessarily contained in the

interior of the set of fixed points for s. Symbolically, we get that
{reX;|FecE(S),e<sandz e X.} Cint{z € X, | 0s(x) =z},
for all s € S, as required.

We should mention, however, that partial actions which corres-
pond to effective groupoids of germs were defined under the name “to-
pologically free” in [32], so, in order to avoid confusion throughout this
thesis, we will call the class of partial actions defined in [32] by effective.

It follows from Definition 3.2.5 that in the case when 6 is a partial
action of a group G on a topological space X, @ is effective if, for all
g€ G\ {1},

int{z € Xy | O4(z) =2} = 2.

This is exactly the definition of a group topologically free partial action
(see Definition 2.2.8).
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Definition 3.2.7. [2, Definition 7.1] Let 0 = ({X;}secs, {0s}ses) be a
topological partial action of an inverse semigroup S on a topological

space X. The subset

{r € X |if s € S, and z is fixed by s then z is trivially fixed by s}
(3.5)
of X will be denoted by A(6).
We say that 0 is topologically principal if, and only if, A(f) is

dense in X.

The notion of a topologically principal partial action stems from
the fact that the groupoid of germs S x X associated with a topological
partial action 0 = ({Xs}ses, {0s}ses) is topologically principal if, and
only if, the partial action 6 is topologically principal. We will also prove
this correspondence in Proposition 4.2.2.

The following proposition is a useful rewording of principality of

partial actions.

Lemma 3.2.8. Let § = ({Xs}ses, {0s}ses) be a topological partial
action of S on X. Then A(0) coincides with the subset

{z € X |Vs,t € Sz,if Os(x) = 0, (x) then Fu € S with u < s,t and x € Xy~ }.

(3.6)
In particular, given x € X and s,t € Sy, if Os(x) = 0;(x) then there
isu < s,t with x € Xy, and 05 and 0y coincide in the neighbourhood
Xy of .

Proof. Suppose that « € A(f). For any s,t € S,, if 05(x) = 6;(x) then
x = Og+4(x), and so, there is e € E(S) such that e < s*t and z € X..
Taking u = se, we get that A(f) is contained in the subset (3.6).

For the reverse inclusion, suppose that = belongs to subset (3.6).
For any s € Sy, if 05(x) = x then 0,(x) = Os«5(z). By hypothesis, there

isu<s,s"sand r € X,«. Using e = uu*, we get the desired result. [

Proposition 3.2.9. [3, Proposition 4.10] Let 0 = ({Xs}ses,{0s}ses)

be a topological partial action of a countable inverse semigroup S on a
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locally compact, Hausdorff topological space X. Then 0 is topologically
principal if, and only if, for any s € S, the set

As(0) ={x € X« | if x is fixed by s then x is trivially fived by s}
(3.7)

1s dense in Xg-.
Proof. For any s € S, we have that
A(9) N X C As(0),

and if 0 is topologically principal, we can conclude that A(6) is dense
in X,«. Notice that in this direction we do not need to use the fact that
S is countable.

Conversely, suppose that A4(6) is dense in X+ for s € S. Notice
that As(6) is an open subset of X and that

X =Xg U(X\ X)) = As(0) Uint(X \ Xg+) C Ag(0) Uint(X \ Xs+),

this means that, As(f) Uint(X \ X,+) is dense in X. Thus

A(B) = (AS(Q)Uint(X\XS*D

ses

is dense in X by the Baire category theorem. O

Lemma 3.2.10. [3, Lemma 4.13] Let S be a countable inverse se-
migroup and let X be a locally compact, Hausdorff space X. If 6 =
({Xs}ses, {0s}tses) is an effective partial action of S on X, then 6 is
topologically principal.

Proof. Suppose that 6 is not topologically principal. We will show that
0 is not topologically free. By Proposition 3.2.9, there is some s € S
such that As(6) is not dense in X«. Now, pick some y € X« such that
y ¢ Ag(0) and y is not a limit point of A4(6). Notice that

{z € X,

0s(x) # x} C As(0).
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Clearly, y € {z € X~ | 05(x) = x}. Moreover, there is an open neigh-
bourhood U of y such that U N A(f) = &. Thus,

UC{zre X |0s(x) =1z}

This shows that y € int{x € X | 05(z) = =} and therefore 6 is not

effective. 0

The next example shows that the conclusion of Lemma 3.2.10

does not hold for an arbitrary inverse semigroup S.

Example 3.2.11. [7, Example 6.4] or [3, Example 4.14] Let K denote
the Cantor set and equip T = {e™ | w € R} with the discrete topology.
Consider the topological product space X = (KN (0,1)) x T. Define an
action 6 of the additive group R on X by

9,5(8, eiw) _ (8, ei(w+2sta))
for t € R and (s,e™) € X. For any t € R\ {0}, we have that
int{(s,e™) € X | 0;(s,e™) = (5,e™)} = int{(s,e™”) € X | st € Z} = @,

and therefore 0 is effective. However, 6 is not topologically principal.
Indeed, let © = (s,e™) € X be arbitrary. Put t = % and notice that
Or(x) = 01 (5,e™) = (s, @29} = (5,¢™) = z. But 0 is the only
idempotent element of the additive group R, and using that ¢ = % #0,
we conclude that 0 £ 1. In other words, (s,e™) ¢ A(6). This shows
that A(f) = @, and in particular € is not topologically principal.

The next example shows that the converse of Lemma 3.2.10 does
not hold. That is, there is a topologically principal partial action 6
of a countable inverse semigroup S on a locally compact, Hausdorff
topological space X such that 6 is not effective. This example also shows
the loss of some properties that one has when generalizing partial action
of groups to partial action of inverse semigroups (for example, in the

case of group the converse of Lemma 3.2.10 holds, see Lemma 2.2.12).
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Example 3.2.12. [3, Example 4.15] We shall consider a particular case
of the Munn representation (see Example 1.4.8). As in Example 1.1.5,
let S = NU{o0,z} be the inverse semigroup whose product, for any

m,n € N, is given by
nm = min(n,m), nNoo =oon =nz = zn =n, 200 =002 = 2

and 2z = 0000 = 0.

Then X = E(S) = NU {oo} can be seen as the one-point com-
pactification of the natural numbers. Notice that the compact-open
sets of X are either cofinite or contained in N. Now, let § be the Munn

representation of S on X. More precisely,

e forneN, X, ={1,2,...,n} and 6, =idx

o Xoo =NU{oo} and 0, =idx__,
o X, =NU{oo} and 6, = idx..

Notice that S is countable and that X is a locally compact and Haus-
dorff space.

Since n,00 € E(S5), clearly A,(8) = X,, and A(f) = Xoo.
Moreover, we notice that A.(f#) = N, which is a dense subset of N U
{00} = X,. Hence, by Proposition 3.2.9, 8 is topologically principal.

We claim that 6 is not an effective partial action. Indeed,
int{x € X« | 0,(x) =2} = int (NU {o0}) = NU {0},

but {x € X, | thereis e € E(S) such that e <z and v € X.} =N.
Let a be the partial action of S on £.(X) associated with 6, then

o forneN, D, = L.({1,2,...,n}) and o, = idp,,.
e Do, 2 L(NU{o0}) and as = idp__.

e D, =L.(NU{oo}) and o, = idp,.



3.2.  An application to topological dynamics 123

Now we will see that the diagonal of £.(X) xS is not a maximal
commutative subring. Fix n € N. We denote by 1(,, o] the characteristic
function of the set {n,n +1,n +2,...} U{oo}. We have that 1j, o] €
D. = L.(NU{occ}) and that 1, »)0. does not belong to the diagonal
D of L(X) x4S. It is not difficult to see that 1}, ;0. commutes with
all elements of the diagonal.

Tt is also worth noticing that in this example the ring £.(X) x4 S
has an infinite number of non-zero ideals whose intersection with the
diagonal is zero. Indeed, for each n € N, consider the ideal J generated
by

1[71,00}62 - 1[n,oo]6oo

and observe that

k
= {Zril[m,oo](sz = Til[n; 00000 ‘ n; >nand r; € R} .
It is important to note that in this case, supp (?(?)) = @, for every
fed.

Remark 3.2.13. Notice that given f = >"I" | fids, € Lc(X) %45, we
have that supp ( (f)) =@ if, and only if, >, f; = 0.

Remark 3.2.14. The set

{Zflé&eﬁ %0 | Zfl_o}

is a left ideal of L.(X) X4.5.
Indeed, for every f = Z?:l fibs, € J, and for every 1xd; €
L.(X) x,S (t € S and K compact-open subset of X;), we have that

m : ? = Z as(os (1) fi)ds, -

=1

Since a; is a ring homomorphism, we obtain

ZO‘S(O‘S*(lU)fi) = Q5 <as*(1U) Zfz) = as(as(1y)0) = 0.
1=1 i=1
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Since every function of Dy (t € S) can be written as a linear com-
bination of characteristic function of compact-open subset of X;, we
conclude that J is a left ideal of £.(X) x,,.5.

However, J is not necessarily a right ideal. For example, let
X ={a,b,c} be a set with there points and S = Z(X) (the set of every
partial bijections of X) acting naturally on X, that is, fox = f(x), for
all € dom(f). Let

s=%a—=b" t=“c—=b" s=“a—a”

We have X, = X, = {b}, so 1533 € Dy N Dy and 13305 — 14530 € T,
but 14,30, € D, and

(1305 — 11530¢) (L4ay0u) = Lipy0su & T

Next we present a sufficient condition to obtain the ideal inter-
section property for the skew inverse semigroup ring arising from a

topologically principal partial action.

Proposition 3.2.15. [3, Proposition 4.16] Let 0 = ({0s}ses, {Xs}ses)
be a topologically principal partial action of S on a zero-dimensional lo-
cally compact Hausdorff space X. If T is a non-zero ideal of L.(X) X495,
and there is some f € I such that supp (7 (f)) # @, then IND # {0}.

Proof. Let 7 be a non-zero ideal of L;(X) X,.5 and let

F=> T1d €1

seF

be such that supp(7(f)) # @. Since supp(7(f)) is an open subset of X,
and 6 is topologically principal, there is some = € supp (77 (?)) NA(H).
We fix this z throughout the rest of the proof.

Notice that the subset

{6,-(x) | s € F and f,(x) # 0}

is non-empty and finite.
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We choose s; € F such that fs, (x) # 0 and

r= Zfs(x) 7&07

se€T

where T'= {s € I'| fs(z) # 0 and 04« () = 0s: (2)}.
Let y = 0s:(x). Furthermore, let B be a compact-open neigh-
bourhood of = contained in X, N X, for some e € F(S) such that

{0(2) | s € F and fy(x) # 0} 0 B = {y}.

We have that § = f - 156, € Z and that

g= Z O‘s(O‘S* (fs)lB)aes = Z O‘S(QS* (fS)lB)(S&

seF seF

Put gs = as(as(fs)1p), and notice that supp(gs) C supp(fs) NOs(B).
Then

{0s(2) | s € F and gs(z) # 0} = {y}.
Furthermore,
{seF|gs(x)#0) ={s € F| fs(r) #0 and 0 () = O,: (z)} = T.

Using that = € A(9), by Lemma 3.2.8, there is some u € S such
that x € X,» andu < s*, forall s € T. Let C' C X+« be a compact-open

neighbourhood of z. We may now rewrite g as

g= Z gs0s + Z (gs]-C _gle\C)és

SEF:gs(x)=0 s€EF:gs(x)#0

= Z gs0s + Z gslcds — Z gle\C(ss
s€F:gs(x)=0 SEF:gs(x)#0 SEF:gs(x)#0

= Z gs0s + Z gsloOu — Z gle\C(Ss-
s€F:gs(x)=0 s€F:gs(x)#0 SEF:gs(x)#0

Since each g, is locally constant, we can find another compact-
open neighbourhood K of z contained in C' such that g4|x is constant,
for all s € F, and K C X, for some v € E(S5).

Thus, 156y G- ay(lx)dy € Z and
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1K6v . ? . au(lK)(su = Z lKgslc(Svu* . au(lK)(su
SEF:gs(x)#0

s€F:gs(x)#0

= 7”]-K5u* . Otu(lK)5u

= Qiy* (au(TlK)au(lK))(su*u

=rlgdyw €EIND,
where r # 0. O

Corollary 3.2.16. [3, Corollary 4.17] Let 0 = ({0s}ses, {Xs}ses) be a
topologically principal partial action of S on a zero-dimensional locally
compact Hausdorff space X . If for each non-zero ideal  of L.(X) xS
there is some f € T such that supp(7(f)) # @, then the diagonal D is

a mazimal commutative subring of Lo(X) 4S5
Proof. This follows from Proposition 3.2.15 and Theorem 3.1.2. 0

Finally, we show that maximal commutativity of D in L(X) xS
implies that the underlying action is topologically principal (we also

show the condition involving ideals and support of elements in £.(X) x45).

Proposition 3.2.17. [3, Proposition 4.18] Suppose that S is countable,
X is a locally compact, Hausdorff, and zero-dimensional space, and
0 = ({0s}ses, {Xs}tses) is a topological partial action of S on X. If the
diagonal D is a mazimal commutative subring of L.(X) xS, then 6
is topologically principal, and for each non-zero ideal T of L.(X) xS
there is some f € T such that supp(7(f)) # 2.

Proof. We show the contrapositive statement. Suppose that 6 is not
topologically principal. Then there is s € S and there is a compact-
open subset B of X« such that BN A,(f#) = @. This means that, for
each © € B, 6,(x) = x and there is no e € E(S) such that e < s
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and ¢ € X, (equivalently, there is no e € E(S) such that e < s* and
x € X,). Hence, 156, ¢ D.

Let e € E(S) be arbitrary and take an arbitrary compact-open
subset D of X.. If z € B, then

as+(as(15)1p)(x) = 1p(x)1p(0s(z)) = 1p(x)lp(z) = (1plp) ().
And if x € X \ B, then
as+(as(1p)1p)(z) = 15(z)1p(0s(x)) = 0 = 1p(z)1p(x) = (1p1lp)(z).

HCHCC, Qg (QS(IB)ID) = lBlp. Thus,

1D6e'1365* = IDIB(SS* = 1311)55* = ozs*(as(lg)lp)és* = 1365*‘1D5e-

This implies that 15~ commutes with all elements of the dia-
gonal D, and hence D is not maximal commutative.

By Theorem 3.1.2, for every non-zero ideal Z of L.(X) xS we
have that ZN D # {0}. Let f = >, fide; € ZN D be non-zero. By
the isomorphism of the diagonal D with £.(X) we have that f = 0 if,
and only if, > | fe, = 0, and thus supp (7 (f)) = supp (3_;; fe,) #
. O

Theorem 3.2.18. [3, Corollary 4.19] Let S be a countable inverse se-
migroup, let X be a locally compact, Hausdorff, and zero-dimensional
space, and let R be a field. Then the skew inverse semigroup ring
L(X) x,S is simple if, and only if, the following three conditions are
satisfied

e 0 is minimal,
e 0 is topologically principal, and

e for every non-zero ideal I of L.(X) x,S there is some f € T such

that supp(f) # @.

Proof. This follows from Proposition 3.2.3, Corollary 3.2.16, Lemma 3.2.17
and Theorem 3.1.5. Notice that for the “if” statement we do not need
to use the fact that S is countable. O
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Corollary 3.2.19. [3, Corollary 4.20] Let S, X and R be as in The-
orem 3.2.18. Suppose that 0 = ({0s}ses,{Xs}ses) s a partial action

such that the following three assertions hold:
e 0 is effective
e 0 is minimal, and

e for every non-zero ideal T of L.(X) %45 there is f € T such that

supp(f) # @.

Then the skew inverse semigroup ring L.(X) XS is simple.

Proof. This follows from Lemma 3.2.10 and Corollary 3.2.18. O

3.3 An application to Steinberg algebras

Using that there is a description of Steinberg algebras via skew
inverse semigroup rings (see [5, Theorem 2.3.1]), which satisfy the as-
sumptions of the Section 3.1, we can apply the main result in this
chapter to characterize simplicity of Steinberg algebras. We then ob-
tain a new proof of the following result, which was first proved in [7]

for functions over the complex numbers.

Theorem 3.3.1. [13, Corollary 4.6.] Let G be an ample Hausdorff
groupoid, and let R be a unital and commutative ring. Then the Stein-
berg algebra Ar(G) is simple if, and only if, G is effective, minimal,
and R is a field.

Remark 3.3.2. The isomorphism of Theorem 2.3.1, between the skew
inverse semigroup algebra £.(G(®)) x,G% and Steinberg algebra Ar(G),
is given by the map 1 : £.(G(?)) x4 G* — Ar(G), which is defined on
the elements of the form fzdg, by

fe((x)) ifxeB

Y(fpop)(x) = { 0 ifr¢B

and extended linearly to £(«).
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In the proof of Theorem 2.3.1 it was shown that ¢) admits a left
inverse, namely the map ¢ : Ag(G) — L.(G©)x,G* defined as follows:
Given [ = Z;’Zl bjlp, € Ar(G), where the B;’s are pairwise disjoint

compact bisections of G, let

o(f) =¢ (Z bleJ) = bilus,)08,
i=1 j=1

Actually ¢ is the inverse of 1, and, in particular, it is bijective. By the

surjectivity of ¢, given any f € £.(G(?)) x4 G* we can write
f = Z bj]'t(Bj)(SB]’7
j=1

where the B;’s are pairwise disjoint compact bisections of G. Further-

more, by the injectivity of ¢, if

Z bjles,)0B; = Z ¢ile(c))dc;,
j=1 j=1

where the B;’s and C’s are pairwise disjoint compact bisections, then

n n
Z bilBi = Z Cilci.
i=1 i=1

Our first step towards a proof of Theorem 3.3.1 is to characterize

minimality of G in terms of G%-simplicity of ﬁc(g(‘))).

Proposition 3.3.3. [3, Propostion 5.4] Let G be an ample Hausdorff
groupoid, and let R be a field. Then G is minimal if, and only if, L.(G®))

18 G%-simple.

Proof. Suppose that G is minimal. Let J be a G®invariant non-zero
ideal of £.(G?). By Remark 3.2.2, we know that

J={f € L£(G"”) | supp(f) S U},
where U is an open subset of G(©) given by

U={uegG® |3 feJ suchthat f(u)+#0}.
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Notice that, since G is minimal, if we prove that U is an invariant
subset of G then U = G and hence J = L.(G(?)). We prove the
invariance of U below.

Let x € G be such that s(x) € U. Then there exists a function
g € J such that g(s(x)) # 0. Furthermore, we can take x € B, where B

is a compact bisection of G. Since U and s(B) are open, we can consider
g€ JNI(s(B) ={f € L(G") | supp(f) CUNs(B)}.

Using that J is G%invariant we get that ag(g) € J. Notice that

ap(9)(x(z)) = g(0p-(x(2))) = g(s(r5' (v(2)))) = g(s(x)) # 0.
Therefore, t(z) € U and hence U is G%-invariant, as desired.
Now, suppose that £.(G(®) is G-simple. Let U C G be a

non-empty invariant open subset. Consider the set
J={f € £(G"Y) | supp(f) S U}.

Clearly, J is an ideal of £.(G(?)). To see that J is G%-invariant,
suppose that B € G* g € JN Dp-, and 2 € GO\ U. If z € ¢(B), then

there exists some y € B such that = t(y), and hence

ap(g)(z) = ap(g)(x(y)) = g(s(t5' (x()))) = g(s(y)).

Since U is invariant, and t(y) = z ¢ U, we have that s(y) ¢ U.
Hence, g(s(y)) = 0. If z ¢ ¢(B), then from the definition of ap, we
also have that ap(g)(x) = 0. Therefore, ap(g) € J, and hence J is G-
invariant. Using that £.(G(©)) is G%-simple it follows that J = £.(G®)
and U = G0,

Notice that, for the “f” statement, we do not need to use the fact
that R is a field. O

Proposition 3.3.4. [3, Proposition 5.5] Let G be an ample Hausdorff
groupoid, and let R be a commutative ring with unit. Then G is effective

if, and only if, the diagonal

D= {Z]%U, |neNU; € E(GY) and f; € I(t(Ui))} >~ £.(GO)
i—1
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is a mazimal commutative subring of L.(G)) x4 G®.

Proof. Suppose that G is effective. We already know that D is a com-
mutative subring.

Let 0 # f = S0 milenon, € L(G) x4 G2, where r; €
R\ {0} and the B;’s are pairwise disjoint compact bisections of G for
all i € {1,...,n}. Suppose that f is an element which commutes with
all elements of D. We need to show that f € D.

By the effectiveness of G it suffices to show that B; C Iso(G) for
every i € {1,...,n} (since B; is open and B; C int(Iso(G)) = G©). To
this end, suppose that there exists some k € {1,...,n}, and b € By,
such that t(b) # s(b). Since G is Hausdorff, there exists a compact
bisection U C G©) such that v(b) € U and s(b) ¢ U. Notice that
U € E(G%).

Using the fact that f belongs to the centralizer of D we have
that

lvdv - f = f - 1vév.

This implies that

n n
> rilulep,)dus, = Y riop,(as: (1us,)1lv)ds,0.

i=1 =1

Since UB;, B;U C B, for alli € {1,...,n}, we get that

Z TilUlt(Bi)(SBi = Z raB; (OCBZ (1t(Bi))1U)6Bi . (38)
i=1 i=1

Developing the left side of (3.8) we obtain
Z rilulyp,)0B, = Z Tilune(B:)0B; -
i=1 i=1

For eachi € {1,...,n}, define C; := vj;! (UNt(B;)). Notice that C; C B;
and t(Ci) =UnN t(Bi). Thus

Zri]-U]-r(Bi)(sBi = ZrilUﬂt(Bi)(sBi = Zrilt(ci)dcr (3.9)
=1 =1 i=1
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Now, developing the right side of (3.8) we get that

> riap (ap: (1)) 10)ds, = Y riap,(lys,)1v)ds,

i=1 =1

T'Z‘OZBi(ls(Bi)ﬂU)éBi

I

=1

I
NE

Tile(B)n0s, (s(B,)NU)OB; -
1

.
Il

Define D; := v (¢(B;) N 0p,(s(B;) N U)). Notice that D; C B;
and ‘C(Dl) = t(Bl) n eBi (S(Bl) n U) Then

Z riap, (ap(1yp))1v)dB, = Z Tile(D,)OD; - (3.10)

i=1 i=1

By substituting (3.9) and (3.10) into Equation (3.8) we obtain
that

n n

> rilaendc, = Y Tilep,)oD,-

i=1 i=1

Since C; C By, for each i € {1,...,n}, the C;’s are pairwise
disjoint compact bisections, and similarly the D;’s are also pairwise

disjoint compact bisections. By Remark 3.3.2 we have that

=1 i=1

Next we evaluate the above equality on the element b of By
such that t(b) # s(b). Since the B;’s are pairwise disjoint we have that
bé¢ C;,b¢ D, for i # k and hence

brlc, (b) = bplp, (b). (3.11)
Notice that

beCy = rgi(U Nt(B)) < t(b) € UNv(By),
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and

be Dy <= bery (¢(Br)NOp, (s(Br) NU))

<= t(b) € t(By,) N, (s(B) N V)

= t(b) € t(By) and t(b) € t(s5 (s(By) N U))
“E2 1(b) € o(By,) and b € s (s(By) NU)
= v(b) € ¢(By) and s(b) € 5(By) N U

"EL ¢(b) € v(By,) and s(b) € U.

Recall that, by construction, b € Cy and s(b) ¢ U. Thus, Equa-
tion (3.11) yields by = 0, a contradiction. Therefore, t(b) = s(b),
b € Iso(G) and B; € Iso(G) as desired.

In order to prove the converse we show the contrapositive sta-
tement. Suppose that G is not effective. Then there exists a bisection
B C G\ G© such that s(b) = ¢v(b) for all b € B.

Recall that fp : s(B) — tv(B) is defined by t(u) = t(sz'(u)).
Thus, in this case, Op(s(b)) = t(s5" (s(b))) = t(b) = s(b), that is, Op =
idg(p) - Similarly, 0p« = id¢py. This implies that ap = idp,. and
ap- =1idp, .

Notice that 1.(p)0p ¢ D. Take any foy € D. Then

UBCB

fou -1ymdés = [lypous = Ilym)oB
- «B)=(UB) —
- Teis 2P 1T
= aplap-(lyp)f))su = lyp)ds- fou,

that is, 1(p)0p commutes with all of D. This shows that D is not

maximal commutative. O

Remark 3.3.5. Since D is isomorphic to L£.(G(?)) = AR(G(®), it fol-
lows from Proposition 3.3.4 and Theorem 3.1.2 that G is effective if, and
only if, Ar(Go) is maximal commutative if, and only if, every non-zero
ideal I of Ar(G) has non-zero intersection with Ag(G(®)). The charac-

terization of effectiveness in terms of the ideal intersection property was
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first given in [14], and the equivalence between effectiveness of G and

maximal commutativeness of Ar(Ggy) was first proven in [75].

In order to apply Theorem 3.1.5 we need to verify that the
assumption about the local units is satisfied. In fact, for any finite
subset {f1,--+, fn} of Lc(G®) consider U = J;_, supp(f;). Clearly,
ly € L(G©) and this element is a local unit for {fi,---, f,}. Mo-
reover, 1,(p) and 14p) are multiplicative identity elements in Dp and

Dp+, respectively.

Proof of Theorem 3.3.1. Let G be a Hausdorff and ample groupoid, and
let R be a unital and commutative ring. We will use Theorem 2.3.1
to identify the Steinberg algebra Ag(G) with a certain skew inverse
semigroup ring £.(G() x G

Suppose that R is a field, and that G is minimal and effec-
tive. By Proposition 3.3.3 and Proposition 3.3.4, respectively, we get
that Lc(g“’)) is G%-simple and a maximal commutative subring of
L(G®) x G (by identifying £.(G®) with the diagonal D). There-
fore, by Theorem 3.1.5, we conclude that £.(G(®) % G, and hence also
Ag(G), is simple.

Conversely, suppose that the Steinberg algebra Ar(G) is simple.
We claim that R is a field. Seeking a contradiction, suppose that I is
a nontrivial ideal of R. Then IAgr(G) is a nontrivial ideal of Ag(G)
which is a contradiction. By Theorem 3.1.5, £.(G(?)) is G®-simple and
a maximal commutative subring of £.(G (0)) x G2. It follows from Pro-
position 3.3.3 and Proposition 3.3.4, respectively, that G is minimal and
effective. O
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4 THE DYNAMICS OF PARTIAL INVERSE SEMI-
GROUP ACTIONS

The preparation of this chapter is mostly based on joint work
with Luiz Cordeiro (see [2]), which was produced during my 6-month
visit to the University of Ottawa under the supervision of Professor
Thierry Giordano.

In this chapter we will construct the groupoid of germs associated
to a partial inverse semigroup action on a topological space in a similar
manner to that of [28]. However we also need to take the necessary
care as in the construction of the transformation groupoid of a partial
group action. With our construction we obtain a common ground for
the study of both partial group actions and inverse semigroup actions.

The Hausdorff assumption we make on the groupoid of germs has
been necessary throughout the recent papers in this direction [12, 70,
18], and it is always satisfied by semigroups which are weak semilattices,
as long as we restrict ourselves to ample actions. Even more strongly,
all transformation groupoids (or simply groupoids of germs) of partial
group actions on Hausdorff spaces are always Hausdorff, and the same
will also be true for all E-unitary inverse semigroups. These are the
inverse subsemigroups of semidirect products of lattices by groups ([48,
Theorem 7.1.5]).

The first problem we tackle is to prove, in this general setting,
that the Steinberg algebra of the associated groupoid of germs, as long
as this groupoid is Hausdorff, is always isomorphic to the partial skew
inverse semigroup algebra of a partial inverse semigroup action (The-
reom 4.3.4). This result generalize both Theorems 2.1.1 and 2.3.1 pre-
sented in Chapter 2, which are also about isomorphisms of Steinberg
algebras and skew algebras.

The theory of disjoint continuous function of [18] (which in the
topological context works with the reconstruction of a topological space

from subset classes, or function classes) can be applied in the context
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of inverse semigroup partial actions, and with this we will obtain a
description of partial skew inverse semigroups of commutative algebras
as Steinberg algebras (in general, only the opposite direction has been
considered).

Orbit equivalence and full groups for actions of Z were initially
studied by Giordano, Putnam and Skaw [35, 36], and by Li in [52, 53]
for partial actions of discrete groups. The notion of continuous orbit
equivalence can be immediately extended to partial inverse semigroup
actions. We prove that two ample, topologically principal partial inverse
semigroup actions are continuously orbit equivalent if, and only if, their
corresponding groupoids of germs are isomorphic.

We finish this chapter with an application of our results, by re-
alizing Leavitt path algebras Lr(FE) of directed graph E as skew in-
verse semigroup algebras. This description is similar of that of [40] and
[42], where Lr(FE) was described as a partial skew group ring and par-
tial skew groupoid ring, respectively. We can then compare our notion
of continuous orbit equivalence with the one for graphs given in [9],
and reobtain results regarding equivalence of the graphs satisfying the
condition (L), isomorphism of the Leavitt path algebras and related

notions.

4.1 Groupoids of germs

Groupoids of germs were already considered by Paterson in ([60])
for localizations of inverse semigroups, and for natural actions of pseu-
dogroups by Renault (see [66]). In [28], Exel defined groupoids of germs
for arbitrary actions of inverse semigroups on topological spaces in a
similar, albeit more general, manner than both previous definitions of
groupoids of germs.

The objective in this section is to construct a groupoid of germs
associated to any topological partial action of an inverse semigroup in
a way that generalizes both groupoids of germs of inverse semigroup

actions, and transformation groupoids of partial group actions.
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Let 0 = ({Xs}ses,{0s}ses) be a partial action of an inverse
semigroup S on a topological space X. We denote by S * X the subset
of S x X given by

SxX ={(s,z) e Sx X |xe X},

and we define the following equivalence relation ~ on S x X: for every
(s,2),(t,y) € S+ X,

(s,2) ~ (t,y) (4.1)
if = y, and there is u € S such that v < s,t and x € X,». We say
that the equivalence class of (s, z) is the germ of s at x, and we denote

it by [s, z].

Remark 4.1.1. If u,s € S such that u < sand « € X+, then x € X«

and [s, z] = [u, z].

Remark 4.1.2. Notice that if (s,z), (t,y) € S * X then (s,z) ~ (t,y)
if, and only if, = y, and there is e € E(S) such that z € X, and

se = te.

Lemma 4.1.3. Let 0 = ({ X }ses, {0s}ses) be a partial action of an
inverse semigroup S on a topological space X . Suppose (s,z) € S * X.
Then

(a) (s*,0s(z)) € S+ X,
(b) if (t,y) € S* X and 0:(y) = x, then (st,y) € S+ X.
Proof.  (a) Since 0,(x) € Xy = X(4+)- then (s*,0,(z)) € S* X.
(b) By assumption, y = 0 () € Op (Xt N X ) € X(gp)»- O

Lemma 4.1.4. Let 0 = ({Xs}ses, {0s}ses) be a partial action of an
inverse semigroup S on a topological space X . Suppose (s1,x), (s2,),
(t1,v), (t2,y) € S* X with [s1,z] = [s2, 2], [t1,y] = [t2,y], and 6, (y) =
x. Then

(a) 981 (JJ) = 982 (Z‘) and 9t2 (y) = 0151 (y) =
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(b) [s1t1,y] = [s2ta, 4],
(c) 81,05, ()] = [s5, 0s, ()]
Proof. Take u,v € S, where u < s1, 82, v < t1,to, x € X+ and y € Xy
(a) Since u < s1, 82 and x € X+ then by Remark 4.1.1,
0., () = u(z) = s, (2),
and similarly 6,, (y) = 6,(y) = 64, (y) = .

(b) We have uv < s1t1, sata, and since 0,(y) = 0:, (y) = ¢ € Xy,
then
Y =0p: () € 0 (Xy N Xyr) C X(uvy

which proves that (s1t1,y) ~ (s2te,y).

(c¢) Since u < s1,82 and & € X,«, then u* < si,s5 and by Re-
mark 4.1.1,
s, (2) = Ou(x) = 0,,() € X,

proving that (s7, 05, (z)) ~ (s3,0s,(2)). s

Definition 4.1.5. Let 6 = ({Xs}scs, {0s}ses) be a partial action of

an inverse semigroup S on a topological space X, we let
SxX={[s,z]|s€S,xe X} =(S*X)/~

be the set of all the germs. We call S xy X (or S x X for short) the

groupoid of germs associated to 6.

To describe the groupoid structure of (S x X)), we define the

set of composable pairs as

(5 X)® = {([s.a], [t,]) | = = 0:()},

(note that 6;(y) depends only on the class [t, y], by Lemma 4.1.4 (a)).
Given ([s,z], [t,y]) € (S x X)) define their product as

(s, z][t,y] = [st, y],
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which is well defined by Lemma 4.1.4 (b). The inverse of [s,z] € S x X
is defined by
[va]_l = [s",05(z)],

which is also well defined by Lemma 4.1.4 (c).
It is routine to check that these operations define a groupoid

structure on S X X with unit space

(S x X) O = {[e,z] | e € BE(S) and = € X,}.
The range e source maps are defined by

t[s,z] = [ss™,0s(x)] and s[s,z] = [s"s,z],

respectively.

We would now like to endow S x X with an appropriate topology.

Lemma 4.1.6. Let 0 = ({Xs}ses, {0s}ses) be a partial action of an
inverse semigroup S on a topological space X. For every s € S and
UC Xy, let

[5, U] ={[s,z] e Sx X |z € U}.

The collection of all sets of the form [s,U], where s € S and U is a
open subset of X+, is basis for a topology on S x X.

Proof. Let s,t € S and let U C X4« and V C X3« be open subsets. Our
task is to prove that if

[r,2] € [s,U]N]t, V]
then there is an element u € S and an open set W C X« such that
[r,z] € [u, W] C [s,U]N[t, V].
However, by definition of germs in (4.1), we obtain

(s, UIN[5LV]I = | [wUnV N X,

u<s,t

and so it is sufficient to take u < r,s,t and W =U NV N Xy~. O
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Proposition 4.1.7. Let 0 = ({Xs}ses,{0s}tses) be a partial action
of an inverse semigroup S on a topological space X. The groupoid of
germs S X X is a topological groupoid with the topology induced by the
basis of Lemma 4.1.6.

Proof. Let m : (S x X)) — S x X be the product map, and suppose
[r, V] a basic open set in S x X. We claim that

m7 (V) = | (s Xe] x [V N X N X)) N (S % X)@
s,t €S
st<r (42)

Indeed the inclusion ‘D’ is immediate from the definition of the product.
For the converse inclusion, if ([s,y], [t,«]) € m~([r,V]) then [st,z] €
[r,V]. This means that there is u € S such that u < st,r and = €
Xy NV N Xy«. Thus [st, z] = [u,z] = [r,z] and

([svy]’ [tvx]) = ([Svy]v [tU*u’x])

which belongs to the set on the right-hand side of (4.2), since stu*u =
u < r,st.

Now, notice that if [s, U] is a basic open set in S x X then
[s, U] = [s*,0,(U)],
and so continuity of the inversion follows immediately. O

From now on, we always consider S x X with the topology in-
duced by the basis consisting of all sets of the form [s, U], where s € S
and U C X« open, as in the Lemma 4.1.6.

The unit space (S x X)© of S x X can be naturally identified

with X under the homeomorphism
o: (SxX)O 5 X [e,z] — (4.3)
where e € E(S). To check that this map is injective, just note that if

le,z], [f.y] € (S x X)) such that  ¢([e,z]) = ¢[f,y],
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thenr =y e X, N Xy C Xep and [e, 2] = [ef, z] = [ef,y] = [f,y]. The
surjectivity immediately follows from the fact that we only consider
non-degenerate actions.

A basic open set of (S x X)© has the form [e,U] for some
e € E(S) and U C X, open, and ¢([e,U]) = U. So ¢ takes basic
open sets of (S x X)© to basic open sets of X, and is therefore a
homeomorphism.

Since the source and range maps of S x X are given by s[s, 2] =
[s*s, ] and t[s, z] = [ss*,0,(x)], then enforcing the identification refer-

red to in (4.3), we will write
s[s,z] == and t[s, x] = 05(x).

Proposition 4.1.8. Let 0 = ({Xs}ses,{0s}tses) be a partial action
of an inverse semigroup S on a locally compact, Hausdorff topological
space X. The groupoid S x X is étale, and each basic open set [s,U],
where s € S and U C Xy« is open, is a bisection of S x X.

Proof. By the natural identification between the unit space (S x X))
and X given by the homeomorphism in (4.3), we already obtain that
the unit space of S x X is locally compact and Hausdorff.

Given s € S and U C X~ an open set, the source map on [s, U]
is given by (under the identification (S x X)(©))

5:[5, Ul = U [s,2] — x,

and the injectivity of s follows immediately from the definition of germs
in (4.1). In particular, s([s, U]) = U is an open subset of X = (Sx X)),
Since the basic open subsets of [s,U]) and U are (respectively) of the
form [s,V] and V, where V' C U, we can conclude that the source
map is a local homeomorphism from [s,U] to U. Therefore, S x X is
étale. O

Notice that, if B is a basis for the topology of X, then a basis for
S x X consists of those sets of the form [s, U] with U € B. Hence, if X
is zero-dimensional then the collection of sets of the form [s, U] with U

compact-open subset of X, is a basis for S x X.



142 Chapter 4. The dynamics of partial inverse semigroup actions

Corollary 4.1.9. Let 0 = ({Xs}ses, {0s}ses) be a partial action of
an inverse semigroup S on a locally compact, Hausdorff and zero-

dimensional topological space X. Then S X X is an ample groupoid.
Proof. This immediately follows from Propositions 4.1.8 and 1.2.9. O

Example 4.1.10. Following Paterson [60], a localization consists of
an action 0 = ({Xs},cg,10s},c5) of an inverse semigroup S on a to-
pological space X such that {X,} g is a basis for the topology of S.
The groupoid of germs in the sense of Paterson [60] coincides with the

definition above of groupoids of germs.

Example 4.1.11. Let X be a locally compact Hausdorff space. The
canonical action of Z(X) on X is the action 7 given by 14 = ¢, for all
¢ € I(X). A pseudogroup on X is an inverse subsemigroup of Z(X)
whose elements are homeomorphisms between open subsets of X.

Let B be a basis for the topology of X, and for each B € B
consider its identity function idg : B — B.

Given a pseudogroup G on X, let GB be the inverse subsemigroup
of Z(X) generated by GU{idp : B € B}, which is again a pseudogroup
on X, and in fact the canonical action of GB on X is a localization.

The groupoid of germs in the sense of Renault [66] coincides with

the groupoid of germs GB x X defined above.

The following are natural and well-known examples of construc-
tions which are possible with groupoids of germs (and already appear

in some form in [73]).

Example 4.1.12. (Transformation groupoids) In the case that S is
a discrete group, the equivalence relation on S % X is trivial and the
topology is the product topology, that is, S x X is the transforma-
tion groupoid (already seen in the Section 2.1). In particular S x X is
Hausdorf if, and only if, X is Hausdorff.

Example 4.1.13. (Mazimal group image) An easy example is the case

when X is a one-point set on which S acts trivially, that is, 8, is simply
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the identity on X, for all s € S. It is then straightforward to see that
S x X is the maximal group image G(S) of S (see Section 1.5.2 for the
definition of G(.5)). Indeed, two elements of S = S x X have the same

germ if, and only if, they have a common lower bound.

Example 4.1.14. (Restricted product groupoid) Another example is
the case when S is an arbitrary inverse semigroup, X = F(S) with
the discrete topology, and 0 = ({X}ses, {0s}tses) is the Munn repre-
sentation of S: Xy = {e € E(S):e <ss*} and 65(e) = ses*, for all
e € Xgn.

Now from S we can construct the restricted product groupoid
(S, ), which is the same as S but the product s - ¢ = st is defined only
when s*s = tt* (see Example 1.2.5).

Then S x E(S) is a discrete groupoid, and the map

S x E(S)— (S,), [s,€] — se
is an isomorphism of discrete groupoid with inverse s — [s, s*s].

Example 4.1.15. Let S = NU {00, z} as in Example 1.1.5. Let X =
E(S) = NU{oo}, seen as the one-point compactification of the natural
numbers, and let § be the Munn representation of S, so that S x X =
(S, ), however with the topology whose open sets are either cofinite or

contained in N. In particular, S x X is not Hausdorff.

Example 4.1.16. [28, Proposition 5.4] Every étale groupoid is iso-
morphic to a groupoid of germs. Indeed, let G be an étale groupoid,
0 be the canonical action of the inverse semigroup of open bisections
G° on the unit space GO (see Example 1.5.9), and S be any inverse
subsemigroup of G° which covers G (that is, G = (J 4.4 A), and which

is closed under intersections. Then the map
Sx G —g, (A sy (2),

is an isomorphism of topological groupoids.
In particular, if G is an ample Hausdorff groupoid, then the grou-
poid of germs G% x GO, of the restriction of the canonical action on

G*°, is isomorphic to the groupoid G.
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We will be mostly interested in Hausdorff groupoids, and in par-
ticular conditions on inverse semigroups which garantee that groupoids

of germs are Hausdorff.

Definition 4.1.17. A poset (P, <) is a A-weak semilattice if for all
s,t € P there exists a finite subset F' C L (possibly empty) such that

{rePlz<sand x <t} = U {reP|x<f}.
feF
Example 4.1.18. If G is a Hausdorff ample groupoid, then G°? and
G® are meet semilattices, and UAV =UNYV.

Proposition 4.1.19. [78, Theorem 5.17] Let S be an inverse semi-
group which is N-weak semilattice and let 0 = ({Xs}ses,{0s}ses) be a
partial action of S on a locally compact Hausdorff X such that X is
clopen, for all s € S. Then the groupoid of germs S x X is Hausdorff.
In particular, if S is a weak semilattice and X is zero-dimensional,

then the groupoid of germs S x X is an ample Hausdorff groupoid.

Proof. Suppose [s, x| # [t,y] are elements of S x X. If x # y, then cho-
ose disjoint neighborhoods U,V of z and y in X, respectively. Clearly,
[s,U N X] and [t,V N X3«] are disjoint neighborhoods of [s, ] and
[t, y], respectively.

Next assume z = y. If {s' € S| s/ <spn{t' e S|t/ <t} =0,
then [s, X,+] and [t, X;+] are disjoint neighborhoods of [s, z] and [t, z].
So we are left with the case {s' € S : s/ <s}n{t'e S : ¢! <t} #0.
Since S is a weak semilattice, we can find elements uy, -+ ,u, € S so
that u < s,t if, and only if, u < w;, for ¢ € {1,--- ,n}. Let

n

V=X\JXur =X\ Xur),

i=1 i=1
which is an open set by hypothesis. If z € X, for some ¢, then as u; <
s, t, it follows [s,z] = [t,x], a contradiction. Thus € V. Define W =
V N Xge N Xpe. We claim [s, W] and [t, W] are disjoint neighborhoods

of [s,z] and [t, z], respectively. Indeed, if

[r,z] € [s, W]N[t, W],
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then

[s,z] = [r, 2] = [t, 2],

and hence, there exists u < s,t with z € X,,+. But then u < u; for some
ie{l,---,n}andso z € Xuz, contradicting that z € W C V. O

Remark 4.1.20. Steinberg proved in [73] that an inverse semigroup
S is a weak semilattice if, and only if, for any partial action 6 =
({Xs}ses, {0s}ses) such that X, is clopen for all s € S, the groupoid
of germs S x X is Hausdorff.

Remark 4.1.21. The hypothesis that the domains of the partial action
are clopen is necessary. For example, even if G is a non-Hausdorff ample
groupoid then G°P is still a semilattice, however, as in Example 4.1.16,

the groupoid of germs G°P x G0 =~ G is not Hausdorff.
Next we present two examples of isomorphic groupoid germs.

Example 4.1.22. If S is E*-unitary then it is a A-semilattice: Indeed,
given s,t € S, if {s,t} does not admit any nonzero lower bound then
sAt =0.If {s,t} admits a nonzero lower bound, then s and ¢ are
compatible, so s At = ts*s.

As a consequence, every E-unitary inverse semigroup S is a weak
semilattice: We can embed S into an E*-unitary semigroup Sy by ad-
joining a 0. Given s,t € S, let F = {sAt} \ {0}, which is either
empty or equal to {sAt}, but in any case a finite subset of S, so
that {z € S|z < st} =Ujep{z €52 < f}

A version of the next example has been proven in [57], when
considering the canonical action of S on the spectrum of its idempotent
set F(S). We prove the result for general partial actions of inverse

semigroups on arbitrary topological spaces.

Example 4.1.23. Let 0 = ({Xs}ses, {0s}ses) be a partial action of

an F-unitary semigroup S on a space X and 6 be the induced action
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of the maximal group homomorphic image G(S) on X (see Proposi-
tion 1.5.23). Then

S [><9X ~ G(S) D(gX.

Indeed, consider the map [s, x] — ([s],x), which is well-defined by the
definitions of the relations involved (see Equations (4.1) and (1.15)).
It is clearly a homomorphism. The surjectivity follows from the fact
that given (v,2) € G(S) x5 X there is s € S such that [s] = v and
x € X, and so, [s,x] — ([v], ). As for injectivity, suppose ([s], z) =
([t],y), where [s,z],[t,y] € S xg X. Then z = y and [s] = [t], so
z € Xg+NXy«. By Lemma 1.5.22; s and ¢t are compatible, which implies
s(s*st*t) = t(s*st*t) (as both products describe the meet s A t). Since
2 € Xov N Xpr € Xgnsg N Xprp € Xgugpor we conclude that [s,z] = [t, y].

Example 4.1.24. Suppose 0 = ({Xs}ses, {0s}scs) be a partial action
of an group G on a topological space X, @ is the corresponding global
action of S(G) on X (see Proposition 1.5.25). Then

G xg X 2 S(G) I><§X.

Indeed, let v = 5, the partial action of G(S(G)) induced by 6 as in

Proposition 1.5.23. Let us prove that for all g € G, 0, = v|g. From

gl
this fact and Proposition 1.5.26, it follows easily that

GxeX = G(S(G) %y X, (9,2) = ([lg]],2)

is a topological groupoid isomorphism. Example 4.1.23 provides the
isomorphism G(S(G)) x, X = S(G) x5 X, so we are done.

Let g € G be fixed. By definition, [y is the supremum of
{55 1S~ [g]} From the uniqueness of the standard form of each s €
S(G), it follows that s ~ [g] if and only if s < [g], and thus we conclude
that g = 0.

4.2 Topologically principal and effective partial actions

In this section we will work again with the notions of topolo-

gically principal and effective (or topologically free) partial actions of
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inverse semigroups (see Definition 3.2.7 and 3.2.5). These concepts will
be used later in our study of continuous orbit equivalence.

Let G be a topological groupoid. Recall that G is effective if, and
only if, the interior of the isotropy subgroupoid Iso(G) is just the unit
space G,

Proposition 4.2.1. [32, Theorem 4.7] Given a partial action 6 =
({Xs}ses, {0s}scs) of an inverse semigroup S on a locally compact
Hausdorff space X, the corresponding groupoid of germs S X X is ef-
fective if, and only if, 0 is effective.

Proof. Suppose that S x X is an effective groupoid. By Remark 3.2.6,
for every s € S

{z € X,

Jeec E(S),e<sand z € X.} Cint{z € X,

0s(z) =z} .

Given s € S take z € int {zx € X« | 65(x) = x}. Then there is an
open subset U of X, such that z € U and 05(z) = z, for all x € U.

Hence
t([s,2]) = bs(z) =z = s([s,2]),

and so [s,z] € Iso(S x X). This implies that the basic open subset
[s,U] is contained in the interior of Iso(S x X). From the hypothesis,
[5,U] C (S x X)©, and so, there is e € E(s) such that z € X, and
[s,2] = [e, 2]. By the definition of germs in (4.1), there is f € E(S),
f < s,esuch that x € X and

[572} = [6,2’] = [fv Z]

Applying the range map on the right and left side of this equality, we
can conclude that z is a trivial fixed point for s.

Conversely, assume that 6 is an effective partial action. Taking
[s,2] € int (Iso(S x X)) there is a basic open subset [s,U] in S x X
such that

[s,2] € [s,U] C Iso(S x X).
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For any y € U, we have that [s,y] € Iso(S x X), so

0s(y) = ([s,9]) = s([s,y]) = ¥,

and we see that y is a fixed point for s. It follows that U is contained
in the set of fixed points for s. In particular x is an interior fixed
point, and hence, by hypothesis, x is a trivial fixed point. Then there
is e € E(S) such that e < x and z € X., and consequently [s,x] =
[e,z] € (S x X)©. This shows that S x X is effective. O

Recall that a topological groupoid G is topologically principal if,
and only if, the set of points in G(®) with trivial isotropy group (this
means G = {u}) is dense in G(©).

We will now reword topological principality of a partial action

in terms of the groupoid of germs S x X.

Proposition 4.2.2. Suppose that 6 = ({Xs}ses, {0s}ses) is a partial
action of an inverse semigroup S on a locally compact Hausdorff space
X. Then the groupoid of germs S x X is topologically principal if, and
only if, the partial action 0 is topologically principal.

Proof. Tt is enough to prove that, under the identification of X with
(S x X)),
AO)={ze X : (Sx X)s ={x}}.

Let € X be given. First suppose z € A(f) and [s,z] € (S x X)Z.
This means that z = v([s, z]) = 05(x), so there is e € E(S) NS, e < s,
which implies [s, z] = [e, 2] = .

Conversely suppose (S x X)% = {z} and let s € S, with 6,(z) =
2. This means that [s,z] € (S x X)Z%, and so [s,z] = [e,x] for some
idempotent e € S,. By the definition of the groupoid of germs, we can
find another idempotent f € S, with se = ef, so in particular ef is an

idempotent, ef < s, and x € X.s. This proves x € A(f). O

This way, topologically principal partial actions will correspond
to topologically principal groupoids of germs, whereas effective partial

actions will correspond to effective groupoids of germs.
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By a principal (or free) partial action we mean a topologically
principal partial action on a discrete space (that is, a set). Similarly to
Proposition 4.2.2, one proves that § = ({X;}ses, {0s}ses) is a principal

partial action if, and only if, the groupoid of germs S x X is principal.

Proposition 4.2.3. If 0 = ({Xs}scs, {0s}scs) s a principal partial
action of an inverse semigroup S on a locally compact Hausdorff space
X then S x X is Hausdorff.

Proof. Suppose [s, 2] # [t,y] are elements of S x X. If x # y, then cho-
ose disjoint neighborhoods U,V of x and y in X, respectively. Clearly,
[s,U N X¢+] and [t,V N Xy+] are disjoint neighborhoods of [s,z] and
[t,y], respectively. Next assume x = y. By principality of 8, we have
that 05(x) = 0;(z) if, and only if, there is u € S, such that u < s,¢
and x € X, if, and only if, [s,z] = [t,z]. Hence, if [s,z] # [t, 2] then
0s(z) # 0:(x). Since X is Hausdorff, there are disjoint neighborhoods
U and V of 05(z) and 0;(x), respectively. It is easy see that [s, 04+ (U)]
and [t, 0« (V)] are disjoint neighborhoods of [s,z]| and [t, x], respecti-
vely. O

Remark 4.2.4. The proof above is a combination of the facts that
free partial actions on (discrete) sets correspond to (discrete) principal
groupoids of germs, and that every principal topological groupoid with

Hausdorff unit space is itself Hausdorff.

It is interesting to note that principality of a partial action im-
plies that the associated groupoid of germs is Hausdorff, however this
is not true for topologically principal partial actions, as shown in the

example below.

Example 4.2.5. As in Example 4.1.15, let S = N U {o0, 2z} and 60 be
the Munn representation of S on X = E(S) = NU {0}, endowed with
the same topology as the one-point compactification of N. This is a
topologically principal partial action, since A(6) = N is dense in X,

however the associated groupoid of germs S x X is not Hausdorff.



150 Chapter 4. The dynamics of partial inverse semigroup actions

In the case that G is a group, a partial action of G is principal
(or free) if for all z € X (and for all g € G;), one has that 6,(z) =
implies g = 1, where 1 is the identity of G, which is the usual notion of

freeness for partial group actions.

4.3 Steinberg algebra of groupoid of germs

Historical notes: In [5], Beuter and Gongalves showed that any
Steinberg algebra, Ar(G Xy X), of a transformation groupoid G x X
given by a partial action 0 = ({X4}seq, {0g}gec) of a group G on a lo-
cally compact, Hausdorff, and zero-dimensional space X, is isomorphic
to the partial skew group algebra £L.(X) xG (see Theorem 2.1.1). In the
same paper, they proved that every Steinberg algebra, Ag(G), associ-
ated with an ample Hausdorff groupoid G, is isomorphic to the skew
inverse semigroup algebra L£.(G(®) x G* (see Theorem 2.3.1). Soon af-
ter, Hazrat and Li proved a similar results for graded algebras. More
precisely, given a graded ample Hausdorff groupoid, its graded Stein-
berg algebra can be realized as a partial skew inverse semigroup algebra
(see [44, Theorem 2.3]). In sequence, Demeneghi showed that the Stein-
berg algebra of a Hausdorff groupoid of germs S xy X associated to an
ample action! of an inverse semigroup 0 = ({X;}ses, {0s}ses) is iso-
morphic to the skew inverse semigroup algebra £.(G®) x S (see [21,
Theorem 2.3.6] version arXiv v1), and as a consequence obtained the
latter result presented by the first authors (see [21, Proposition 2.4.3]
version arXiv v1). In [2], Beuter and Cordeiro studied orbit equivalence
of topologically principal partial actions of inverse semigroups in terms
of isomorphisms of the corresponding groupoid of germs, and had the
need to generalize [21, Theorem 2.3.6] for partial actions of inverse se-
migroups. Moreover, they weakened the conditions on each X (see [2,
Theorem 5.4]). Later, Demeneghi managed to perfect his theorem to

groupoid of germs which are not necessarily Hausdorff, however still

L An ample action is an action 8 = ({Xs}ses, {0s}secs) of an inverse semigroup S

on a locally compact, Hausdorff and zero-dimensional space X, where each X
is both open and compact.
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under the condition that each X, is clopen (see [22, Theorem 5.2.4.]
version arXiv v3).

Note that the results in [2] and [21] are non-comparable, since [2]
deals with partial actions whose corresponding groupoids of germs are
Hausdorff, whereas [21] considers actions whose corresponding grou-
poids of germs are not necessarily Hausdorff. Furthermore, the proof
of either of these results does not seem to be easily adaptable to cover
the other.

In this section we present the theorem of Beuter and Cordeiro.
We will assume that R is a unital commutative ring, and that 6 =
({Xs}ses, {0s}scs) is a partial action of an inverse semigroup S on a
locally compact, Hausdorff and zero-dimensional space X . Moreover, we
will consider that o = ({Ds}ses, {as}ses) is the partial action of S on
the R-algebra L£.(X) induced by 6, as in Example 1.5.28. Therefore, we
will prove that, as long as the groupoid of germs S x X is Hausdorff, the
Steinberg algebra Ar(S X X) is isomorphic to the partial skew inverse
semigroup algebra £.(X) x.S. In order to obtain such an isomorphism,

we need some preliminary lemmas.

Lemma 4.3.1. Given s € S, any subset B of [s, X¢+| is of the form
B =[s,s(B)].

Proof. The inclusion “C” follows trivially, since if b € B C [s, X+],
then b = [s,5(b)] € [s,s(B)]. On the other hand, if b € [s, X5\ B, then

b€ [s,5([s, Xs<] \ B)] = [s, X5« \ 5(B)].

This implies that s(b) € X« \ §(B), that is, b ¢ [s,s(B)]. Therefore, if
b € [s,s(B)] then b € B, proving the reverse inclusion. O

Remark 4.3.2. If B is a compact-open bisection of an ample groupoid
of germs S x X (not necessarily Hausdorff), then B has a finite cover
{[ss; W;] | i=1--- ,n} of basic compact-open subsets of S x X. Setting
Uy = Wy and U; = W; \ (Uj;ll Wj), for all i € {1,--,n}, then
{U; C X

open subsets. By Lemma 4.3.1 and by injectivity of the source map on

t=1--- ,n} is a collection of pairwise disjoint compact-
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B, we obtain

B=Jls: Uil
i=1
where {[s;,U;] | i = 1---,n} is a collection of pairwise disjoint basic

compact-open subsets of S x X.

Lemma 4.3.3. Let Sx X be a Hausdorff groupoid of germs, and consi-
der two finite collections {[s;, U;] |i=1---n} and {[t;,V;] | j=1---m}
of pairwise disjoint basic compact-open subsets of S X X such that

m

U Si, i U[tj’Vj]'

j=1

Then, for each pair i,j, there is a finite collection

{[uk,W”} k=1, ,z”}

of pairwise disjoint basic compact-open subsets of S x X such that
&2
[si, Ui N [t, V3] = {Uk ,W”}
k=1

and uy < si,t;.

Proof. Given a pair 4, j, let b be an arbitrary element of [s;, U;|N[t;, V;].
Then [s;,5(b)] = b = [t;,5(b)], and there is u;, € S such that s(b) € Xz

and up < s;,t5, SO

'R
be [ub,XuZ AU NV;| C [s:, U] N [, V.

By compactness of [s;, Ui] [tj,V;], we find a ﬁnite cover for this set with
elements of the form [uk ,W”] for certain uk < s;,t; and Wy; C U;NV,
that is,

1

[si, Uil 0 [t5, V] = {“k ’WU}

k=1
Since S x X is Hausdorff, for k > 2, we can substitute [ufj , W,ij }

by [uk ,W,ﬂ \ U ! [up, W,). By Lemma 4.3.1, we can to rewrite this
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set as [uzj , W,zj | for appropriate W,ij , and to obtain the desired partition

of [Si, Uz] n [tj, ‘/J] O

Theorem 4.3.4. Let 0 = ({Xs}ses, {0s}ses) be a partial action of
an inverse semigroup S on a locally compact, Hausdorff and totally
disconnected topological space X, and let « = ({Ds}ses,{as}ses) be
the partial action of S on L.(X) induced by 6.

If the groupoid of germs S x X is Hausdorff, then the Steinberg
algebra of S xg X is isomorphic to the partial skew inverse semigroup
algebra Lo(X) xS

Proof. Given a generating element f.ds of £ («), we define ¢(fsds) :
Sx X — Rby

fs(e(a), ifae€[s, Xs]

0, otherwise.

¢(fs0s)(a) =

We first need to check that ¢(fsds) is well-defined, that is, ¢(fs0s) is

locally constant and has compact support. Notice that the definition of
o(fsds) implies

supp(¢(fs6s)) = [s,6; " (supp f)],

which is compact-open, and in particular is clopen because S x X is
Hausdorff.

Of course, ¢(fsds) is constant equal to 0 on the complement

(S x X) \ supp(o(fsds)),

and since ¢( fsds) coincides with the composition fsot on supp(¢(fsds))
and fs is locally constant, then ¢(fs0s) is also locally constant on
supp(p(fsds)). We conclude that ¢(fsds) is locally constant on com-
plementary clopen subsets of S X X, so ¢(fsds) is locally constant.
Using the presentation of Z(«) in Definition 1.6.1, we extend ¢
linearly to an R-module homomorphism ¢ : .Z(a) — Ar(S x X).
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We will show that ¢ is multiplicative. By linearity of ¢ it is
enough to verify this map is multiplicative on the generators. Let fsds, fi0: €
Z(a) and a € S x X. There are two possibilities:

Case 1: a & [s, Xs|[t, Xox] = [st, 0+ (X N X+ )]
Since supp(¢(fsds) * ¢(fi0:)) C [s, Xs«|[t, Xi+], then

[6(fsds) * (fid¢)](a) = 0.
On the other hand, (fsds)(fi0:) = as(as(fs)ft)0st. Since
supp(as«(fs) fi) = 0= (supp fs) N supp(f;)

then

supp(as (s« (fs) ft)) = 05 (05 (supp(fs)) N (supp(fe)),

and this set is contained in 05(X¢« N X;) = XN Xy, which is precisely
the set on which 6005+ = 04)-. Thus

9(51&)* [supp(ozs (as* (fs)ft))] = Oy ((supp fé) M supp ft)

and so

supp[@((fs0s) * (f16:))] = [st, 04+ (05« (supp fs) N supp fr)],

which is contained in [st, 8« (X« N Xy)] = [s, Xs+][t, Xy+], and therefore

P((fs05)(f101))(a) = 0 = (¢(fs0s) * ¢(f101))(a),

as we expected.
Case 2: a € [s, X¢|[t, Xi+].

In this case, we can write a = [s, z][t, y] for unique z € X - and
y € X with 6;(y) = x. Since supp(¢(fs0s)) C [s, X¢+]| then

(O(f:0) % &(fi0)) (@) = > d(f:0:)(D)(f10) (b a)

ber—1r(a)
= d)(fs(ss)[sv x](b(ft(st)[ta y]
= [s(0s(2)) f1(0: (y))
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On the other hand, a € [s, Xo«][t, Xi«] C [st, X(s)+], s0

¢((f555) * (ft(;t))(a) = (15(@5(065* (fs)ft)(sst)(a)

= as(as (fs) fo)(v(a)) = as(os () f) (0s(x))
= (a5 (fs)fe) (@) = fs(0s(2)) fe(x)

= fs(0s(x)) fe(6(y))

= (&(fs0s) * ¢(fid1))(a),

as we desired.

Now let us prove that ¢ vanishes on the ideal N () generated
by all elements of form fd; — fd;, where s <t and f € Dg. Since ¢ is
a homomorphism it is enough to show that ¢ is zero on the generators
of N(a), so let a € S x X. We have that

e if a € [s, X¢+| then a € [t, Xy+], and
¢(fos — for)(a) = f(x(a)) — f(x(a)) = O;

o if a € [t, X¢] \ [s, Xs+] then t(a) ¢ X, because t is injective on
[t, X¢<], and f(t(a)) = 0 because f € Ds. Thus

6(f6, — £31)(a) = 0 — f(x(a)) = 0.
o if a ¢ [t, X;«] then a ¢ [s, Xs+] as well, so
¢(fos — foe)(a) =0—-0=0;

Therefore, ¢ vanishes on the ideal .4 () and hence factors th-
rough the quotient £ («)/ A () = L¢(X) x4 S to an R-homomorphism
D Lo(X)X0S = Ar(S x X).

In order to prove that @ is bijective, we will show the existence
ofamap U : Ar(Sx X) — L¢(X) XS which is in fact the inverse map
of ®.

By Remark 4.3.2, any compact-open bisection of S'x X is a dis-

joint union of basic compact-open subsets of Sx X. Hence, any function
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in Ar(S x X) can be written as a linear combination of characteristic
functions of disjoint basic compact-open subsets.

Given f = " ¢l v, € Ar(S x X), where ¢1,---,¢, €
R\ {0} and [s1,U1],- -+, [sn, Up] are pairwise disjoints basic compact-

open subsets of S x X, define

n n
= (Z cil[si,Ui]> = Z Cilt[si,Ui]ési-
i=1 i=1

We need to check that W is well-defined. Suppose that also there
are other pairwise disjoints basic compact-open subsets [t1, V1], -,
[tm, Vin] of Sx X and by, - -+, by, € R\{0} such that f = 37" | b1, v,
Notice that . "

U[Si,UJ = supp(f U [, Vil,
i=1 j=1

and these unions are disjoint. We can then conclude that

ZZ Cils;,vinie,vi) = f= Zzbls“ UslN[t;, V5]

j=1i=1
and the family {[s;, U] N [t;, V;]}, ; is pairwise disjoint, which implies
that
Cills, vanle;,v;) = 05 lis, vi)nle, ;] (4.4)

for every pair i, j.

Let ¢ and j be temporarily fixed. By Lemma 4.3.3, there is a
finite collection {[uk ,W”} ’k =1, ,lij} of pairwise disjoint basic
compact-open subsets of S x X such that

1%

[si: Uil N [t5, V3] = | {uk ,W”}
k=1

and uzj < s4,t;. Hence, for every k € {1, ce lij}7 we have that

Cil[uij’Wij] = bjl[uij’Wijp

and composing both maps on the right with t| AL obtain

Cilefu o] = bilefu wit): (45)
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on t[s;, U;]. Of course, 1., y,] is identically zero on X \ t[s;, Us], so in

fact equation (4.5) holds everywhere on X . Then

Cilifs, U)0s; = ) Cili 1 | pid i Os;
; et ; UpZ, et W)

=1 k=1

6uij

k

—~
N
Il
M-
[
(=
<
—
i
S
g
5
:.

g n

(¥ .

un St E bl ud
JSefuy? W7t

m
= 25N U e ™

]:1 k=1
= Z bﬁlt[%vj]dt]"
j=1

This proves that ¥ is well-defined. Moreover, it should be clear that
whenever we represent an element f € Ag(SxX)as f =Y, cilis, v
where {[s;,U;]|i=1---n} is a collection of pairwise disjoint basic
compact-open subsets of S'x X, then the condition ¢; # 0 in the original

definition of ¥ is not necessary, so that we still have

V(f) = Z Cilt[st,Ui}(sSz‘
=1

To prove that W is the inverse of ®, we must first prove that ¥
is additive. Suppose that f = 7" | ¢;ljs, p,) and g = Z;n:l bilp, vy,
where the collections {[s;,U;] |i=1---n} and {[t;,V;]|j=1---m}
consist of pairwise disjoint basic compact-open subsets of S x X, and
ci,bj € R.
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We can assume that

n

m
Sz; i U
1

i= j=1
taking some c; and b; equal to zero. Again, take uzj satisfying the

conditions of Lemma 4.3.3, so

m 19 m 1"

f= Z Zcz [wid Wi and g= Z Z b3l g i
j=1k=1

j=1k=1

and f+g = Em Zk 1(ci+bj)1 [l Wi Since the basic compact-open

subsets [uk ,VV,c ] are pairwise dleOint, the definition of ¥ gives us

RCAZIED D) D) DICEINIFTRIR:

i=1 j=1k=1
n m Y m n 1

- Z Z Z 1t[u” W] 0 ) + Z z bjlt[uiij;zj](suij
i=1j=1k=1 j=11i=1 k=1

= V() + ¥(g).

Finally, it remains to be seen that U is the inverse of ®. Let
[ =21 ¢l v € Ar(S x X), where [s;, U;] are pairwise disjoint.
Then

PoT(f)=Do T <zn:ci1[si’Ui]> (ch elsi,U (5sl>

=1

= Z¢ (cilf[SmUi]as Z [si,U
=1

Now, let fs = 37", ¢jl; € Ds, where ¢; € R and L; are
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pairwise disjoint compact-open subsets of X,. Thus

O (f6) = Voo (fid)=Woo | cjlr,ds
=1

=0 [ Y d(eile,d0) | =9 | D eilien..x
j=1 j=1
= chle(;s = f553~
j=1

By additivity of ¥ and ®, we have that ¥ o ®(f) = f, for all
f € Lc(X) x4S. Therefore ® is an R-isomorphism. O

Remark 4.3.5. If each X, is compact, then each D, is unital, and
so we can use the universal property of partial skew inverse semigroup
algebras described in Theorem 1.6.19. In this case, one can prove that
the pair (m,u), where 7 : L.(X) = Agr(S x X) is the embedding of
L(X)=Ar(X) in Ap(Sx X),and u: S — Ag(S x X) is defined by

u(s) = 1[5 x_., is a covariant representation of a.. Moreover,

fs(e(b)), ifbe [s, Xs+]
0, if otherwise

(m x u)(fs0s)(b) = {

coincides with the map ® in the proof of the above theorem.

On the other hand, we can construct the inverse of ® using the
universal property of Steinberg algebras as follows: Given U € (Sx X)%,
decompose U as a disjoint union U = |J,[s;, U;] for certain s; € S and
U; C Xs:, and define

tU—ZIO (U:) sL th(s1 U;]9s;

The collection {ty | U € (S x X )%} is a representation of (S x X)°
on Ar(S x X) (see Definition 1.3.6). Then, by the universal property

of S x X (see Theorem 1.3.7), there exists a unique R-homomorphism
U Ap(SxX) — Lo(X) xS satisfying ¥(1y) = ty, forall U € (Sx X)®
(see the second part of the proof of Theorem 4.4.32 in [19]).
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Remark 4.3.6. Notice that the isomorphism @ : L(X) xS — Ar(Sx
X) obtained in the proof of Theorem 4.3.4 above maps the diagonal
subalgebra D of L.(X) .S (as in Definition 1.3.8) to the diagonal subal-
gebra Dg(Sx X) of Ag(SxX) (as in Definition 1.6.15). Under the usual
identifications of both of these diagonal subalgebras as L.(X) = Ar(X),
the isomorphism @ restricts to the identity on L£.(X) = Ar(X).

Corollary 4.3.7. Let G be an ample Hausdorff groupoid. Then the
Steinberg Algebra Ar(G) is isomorphic to the skew inverse semigroup
algebras L.(G) x,, GP and L.(GV) x,, G%, where p and n are the
induced actions of the natural actions of G and G* on G (as in
Ezample 1.5.9).

Proof. By Example 4.1.16, G is isomorphic to the groupoids of germs
G°? x GO and G* x GO, given by the respective natural actions of G
and G on G(©). Then the desired result follows from Theorem 4.3.4. [J

It is interesting to note that the skew algebras Ec(g(o)) X G°P and
L.(GD) % G* arise from actions and not simply partial action as in the
previous theorem. Further, using Theorem 4.3.4 and Corollary 4.3.7 for

the groupoid of germs of a partial action, we obtain
Lo(X) %08 > Ap(S x X) > Lo(X) x,(S x X)?,

where 7 is the induced action of the natural action of (S x X)® on
(Sx X)0 ~ X,

4.4 Constructing a Steinberg algebra from a partial skew

inverse semigroup algebra

In Section 4.3 we saw that the Steinberg algebra of an ample
Hausdorff groupoid of germs can be seen as a partial skew inverse se-
migroup algebra. In this section we will be interested in the opposite
direction, that is, to characterize partial skew inverse semigroup alge-
bras of the form £.(X) xS as Steinberg algebras Ar(S Xy S) in such a
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way that « is induced by 8. To do this, we will prove that under certain
conditions we can obtain a topological partial action of S on X from
the action a.

Some results of this nature are already known. For example,
on the C*-algebras level, if X is a locally compact Hausdorfl topo-
logical space then every closed ideal of Cy(X) is the form Co(U) =
{f € Co(X) | supp(f) C U} for some (unique) open set U of X,
and the Gelfand-Naimark Theorem implies that every C-isomorphism
T : Co(U) — Cy(V) between two such ideals is of the form T'(f) = fo¢
for some (unique) homeomorphism ¢ : V' — U. This gives a one-to-
one correspondence between algebraic partial actions of a group G on
Co(X) and topological partial actions of G on X.

In [4], a similar relation is shown at the purely algebraic level.
More precisely, let K be a field and denote by Fo(X) the algebra of all
functions X — K with finite support, endowed with pointwise opera-
tions. Then there is a bijection between the non-zero ideals of Fo(X)
and the non-empty subsets of X, and, moreover, there is a one-to-one
correspondence between the partial actions of a group G on X and the
partial actions of G on Fo(X).

In order to find a one-to-one correspondence between topological
partial actions 6 = ({X;}ses, {0s}sex.) of S on X and algebraic partial
actions & = ({Ds}ses,{as}ses) of S on L.(X), we will need a few
preliminary results.

A unital commutative ring that has only trivial idempotents will

be called an indecomposable ring.

Proposition 4.4.1. Let R be an indecomposable ring. I' : L.(Y) —
L.(X) is an R-isomorphism if, and only if, there exists a unique home-
omorphism ¢ : X =Y such that T(f) = f o, for all f € L(X).

Proof. The “if” part is straightforward, and for the converse we will
use [18, Theorem 1.19]. For both £.(X) or £(Y') we consider the “dis-

jointness” relation L, given by

fLg if and only if, supp(f)Nsupp(g) =9,
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which in this case coincides with the “strong disjointness” relation of
[18, Definition 1.1(2)] since the supports of all functions that we consi-
der are clopen.

Suppose then that I' : £.(Y) — L(X) is an R-isomorphism. No-
tice that, since R has only trivial idempotents, the idempotents of £ (X)
and L.(Y) are precisely the characteristic functions of compact-open
subsets of X, respectively. This implies that if f and g are idempotent,
then

fLg if and only if, fg=0.

Therefore, if f and g are idempotents of L£.(Y), then
fLg if and only if, T'(f) L T(g).

For general elements f,g € L.(Y), we have f L g if, and only
if, there are idempotent elements f1,..., fn, g1,...,9m, and ay, ..., an,
bi,...,by € R such that

f= Zaifi, g= ijgj, and f; L g;, for all pair ¢,5.  (4.6)

i=1 j=1
Indeed, if condition (4.6) is satisfied, then

n m

supp(f) Nsupp(g) < | J | supp(fi) N supp(g;) = 2.
i=1j=1
In the converse direction we assume f # 0 and g # 0, and take an
enumeration {ai,...,a,} = f(Y)\{0} and f; = 15-1(4,), and construct
b; and g; similarly, so that the conditions in (4.6) are satisfied.
The same type of condition as in (4.6) describes disjointness of

elements of L£.(X), and so we can conclude that
fLg if and only if, T'(f) L T(g).

By [18, Theorem 1.19] there is a unique I'-homeomorphism ¢ :
X — Y that

p(suppT'(f)) = supp f, for all f e L(Y). (4.7)
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Now, if f,g € L(Y) and = € X then

flp(x)) #0 <= ¢(x) € supp(f) = (supp(I'(f)))
< z esupp(I'(f)) <= TI(f)(z)#0.

Hence, using additivity of T,

fle(@)) = g(p(z)) <= T(f(z)) =T(g(2)).

By [18, Proposition 2.6], T is ¢-basic and there is a unique (¢, I')-
transform y : X x R — R such that

I'(f(z)) = x(z, f(¢(x))), forall fe L(Y)andze X.

Now note that since I' is an R-isomorphism and the opera-
tions are pointwise, then for every fixed element x € X the map
x(x,-) : R = R defined by a — x(z,a) is an R-automorphism (by [18,
Proposition 2.9]). Since the identity map is the unique R-automorphism
of R, we can conclude that x(z,a) = a, for any z € X and any a € R.

Therefore,
L(f(2) = x(=, f(¢(@))) = f(p(z)),

for all x € X, which is what we desired. Uniqueness of ¢ for which
this formula holds follows from the uniqueness of ¢ with the property
described in equation 4.7 (see [18, Theorem 1.19]). O

From the above propositions, we conclude that there is a bijective
anti-homorphism between the group of all homeomorphism from X to
Y, and the group of all R-isomorphisms from L.(X) to L.(Y), given by

T: Homeo(X,Y) — Iso(L.(Y),L.(X))
o — T,

where T,(f) = f o .
We will prove that, when R is indecomposable, there is a bijection

between ideals with local units of £.(X) and open subsets of X. On one

hand, if U is an open subset of X, then

L(U) = {f € Lo(X) : supp(f) € U} = £ (V) (4.8)
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is an ideal of L£.(X) with local units. Indeed, if f1,---, f, € I(U) then
the characteristic function 1x, where K = [J;__, supp(f;), is a local unit
for these functions. Moreover, U is compact if, and only if, I(U) has

identity, namely, the characteristic function 1y is its identity.

Proposition 4.4.2. Suppose that R is an indecomposable ring and X a

locally compact, Hausdorff, and zero-dimensional space. Then the map
U+~ I(U)

is an order isomorphism between the lattices of open subsets of X and

of ideals with local units of L.(X). The inverse map is given by

I—U(1) = | supp(/).
fer
Proof. Given an ideal with local units I of L£.(X), let us show that
I =I(U(I)). The inclusion I C I(U(!)) follows immediately from the
definitions of I and U. For the converse inclusion, suppose f € L.(X)

and

supp(f) € U(I) = ] supp(g).
gel

By compactness of supp(f), there are ¢1,...,9, € I with supp(f) C
Ui, supp(g;). Notice that if e € I is a local unit for gi,...,g,, then
e = 1¢, for some open-compact subset C' of X because e is idempotent
and R only has trivial idempotents. Since e is a local unit for g1, ..., gn,

we get that
supp(f) € | supp(g:) € C,
i=1

and so, f = fl¢ = fe € I. This proves that I(U(I)) = I.

For the converse, given an open subset U of X we need to check
that U = U(I(U)). The inclusion U(I(U)) C U is also immediate from
the definitions of T and U. If = € U, simply take any compact-open
subset V with z € V. C U, so 1y € I(U) and

z € supp(ly) C U(I(V)),

which proves that U = U(I(U)). O
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Proposition 4.4.3. Suppose that R is an indecomposable ring and X
is a locally compact, Hausdorff, and zero-dimensional space. If a =
({Ds}sea, {astses) s a partial action of S on the R-algebra L.(X)
for which each ideal Dy has local units, then there is a partial action
0 = ({Xs}ses: {0s}tses) of S on X which induces a.

Proof. Let o = ({Ds}seq, {as}ses) be a partial action of S in L(X)
satisfying the hypotheses above. By Proposition 4.4.2, for each s € S
there is an open subset X, C X such that

D, = I(X,) = {f € L(X) | supp(f) C X.}.
By Proposition 4.4.1, for each isomorphism
y : Lo(Xyw) = Dy = Dy = Lo(X,),
there is a unique homeomorphism 6, : X; — X, such that
as(f) = fobs, forall f € Dg >~ L(Xsx).

So we simply let 0 = ({Xs}ses, {0s}ses), and it is clear that, as
long as 6 is indeed a partial action, then « is induced by 6.

To finish the proof we need to we show that 6 is indeed a partial
action. By its very definition, each X is open in X and 6, : X — X
is a homeomorphism. Non-degeneracy of 6 can be proven as follows:

Let € X and f € £L.(X) such that = € supp(f). Since we can
write f as f = Y., fi for certain elements s; € S and f; € D;
get that

we

79

supp(f) € | supp(fi) € | X,
=1

i=1
and so x € X, for some 4. This proves that X = J, g X.
To conclude that @ is a partial action we will check the conditions
of Proposition 1.5.2.
(a) Given s € S, a4+ o a is the identity on Dg«, however for all
f € Do ~ L(X,+),

foldx,. = f=as(as(f) = as(folbs) = fo(fs00s),
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so the uniqueness part of Proposition 4.4.1 implies that - 00, = idx_.,
that is, 65 = 61
(b) Let s,t € S. Notice that,

ﬁc(ﬂt* (Xt n Xs*)) = Q= (,CC(Xt N XS*)) = Qu* (EC(Xt) N ﬁc(Xs*))
(;) »Cc(Xt*) N EC(X(et)*) = »cc(Xt* N X(st)*)a

where the equalities marked by () follow because « is a partial action
(under the usual identification £.(U) ~ I(U)). Therefore,

Qt* (Xt ﬂ Xg*) - Xt* ﬂ X(St)*'

(c) Since « is a partial action we get that ag« (s (f)) = o= (f),
for all f € L.(X; N X;,). But this implies that

f(0r005(x)) = (as- 0 ar-(f))(2) = (as)- () (@) = [ (O1s(2)),

for all z € X4«NX(45)+. The uniqueness part of Proposition 4.4.1 implies
that 0, 0 05 = 0, for all z € X N X(14)-. O

So, from an algebraic partial action « on £.(X) we managed to
obtain an appropriate topological partial action # on X. In order to
identify the skew inverse semigroup algebra of o with the Steinberg
algebra of the groupoid of germs of 8, we need to guarantee that the
conditions of Theorem 4.3.4 are satisfied.

First we describe the ideals associated with clopen sets alge-
braically. The following definition is an algebraic version of [8, Defini-
tion 1.5.9].

Definition 4.4.4. A conditional expectation of an R-algebra A onto a

subalgebra B is an R-module map £ : A — B such that
(i) E(b) =b, for all b € B (i.e., E is a projection onto B),

(ii) For alla € A and b € B, E(ba) = bE(a) and E(ab) = E(a)b (i.e.,

E is a B-bimodule morphism).
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Remark 4.4.5. If B is s-unital then condition (ii) above can be subs-
tituted by

(i’) For all a € A and b,b’ € B, E(bab’) = bE(a)l'.
Indeed, let a € A, b € B and let u € B such that
uE(ab) = E(ab) = E(ab)u, bu =b=ub and uE(a) = E(a) = E(a)u.
Then
E(ab) = uE(ab)u (i) E(uabu) = E(uab) (i) uE(a)b = E(a)b
and similarly E(ba) = bE(a), so (ii) is satisfied.

Lemma 4.4.6. Let R be an indecomposable ring, X a locally compact,
Hausdorff, and zero-dimensional space and U an open subset of X.

Then the following are equivalent:
(i) U is clopen,
(ii) There exists a conditional expectation of L.(X) onto I(U),

(iii) There exists an ideal J of L.(X) such that L(X) =L(U) ® J (as
R-modules).

Proof. (i) = (ii): If U is clopen then 1y is continuous, and it is easy
to see that the map E : L.(X) — I(U), defined by E(f) = fly is a
conditional expectation.

(ii) = (iii): Suppose E : L.(X) — I(U) is a conditional ex-
pectation, and define J = {f — E(f) | f € Lc(X)}. Then J is an R-
submodule of £.(X) such that £.(X) = I(U)®J, since E is a projection
onto I(U). In order to prove that J is an ideal, take f,g € L.(X). Since
I(U) is an ideal of L.(X) with local unit, there is u € I(U) such that
E(fg)u= E(fg) and E(f)g = [E(f)g]u. Then

E(fg) = E(fg)u = E(fgu) = E(f)gu = E(f)g

SO

(f—E(f)g=fa—E(flg=fg—E(fg)eJ
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and therefore J is a right ideal. Similarly it is a left ideal.

(iii) = (iil): Suppose that L.(X) = I(U) & J for some ideal J.
Let us show that J C I(X \ U). Indeed, if f € J and = € U, then f
is constant on a neighbourhood V of x. Choose y € UNV, and W a
compact-open neighbourhood satisfying y € W C U N'V. Since I(U)
and J are complementary ideals, then fly = 0 and in particular

f(@) = fly) = (flw)(y) = 0.

Therefore J C I(X \ U).

We can now prove that U is clopen. Given z € U, let V be
any compact-open neighbourhood of z. By hypothesis, we may write
ly = f+g for some f € I(U) and g € J CI(X\U),s0 1 = 1y(z) =
f(z) + g(z) = f(x). In particular z € supp(f) C U. Therefore U is
clopen. O

By Lemma 4.4.6 and Theorems 4.1.19 and 4.3.4, we conclude the

following:

Theorem 4.4.7. Let S be an inverse semigroup which is a weak semi-
lattice, R be an indecomposable ring and X a zero-dimensional, locally
compact Hausdorff space. Let « = ({Ds}ses,{as}ses) be an algebraic
partial action of S on L.(X) where each ideal Ds has local units and
satisfies one of the equivalent conditions of Lemma 4.4.6.

Then L.(X) XX is isomorphic to a Steinberg algebra Ar(S X

X), where 0 is a topological partial action of S on X which induces c.

4.5 Continuous orbit equivalence

In [52], Li characterized continuous orbit equivalence of topolo-
gically free partial group actions in terms of diagonal-preserving iso-
morphisms of the associated C*-crossed products. In Section 2.2, we
characterized diagonal-preserving isomorphisms of the associated skew
group algebras. Now, we will extend the notion of continuous orbit

equivalence to partial actions of inverse semigroups and characterize
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orbit equivalence of topologically principal systems in terms of diagonal-
preserving isomorphisms of the associated skew inverse semigroup al-
gebras.

Recall that given a partial action 6 = ({X,},cg, {as},cg) of an

inverse semigroup S on a topological space X, we denote
SxX ={(s,2) e Sx X |xe€ X},
and for x € X fixed,
Sy={se€eS|xze X}

Definition 4.5.1. Let X,Y be topological spaces and let S, T be in-
verse semigroups. We say that two partial actions 0 = ({X}ses, {0s}ses)
and v = ({Yi}ter, {1t }ter) on X and Y, respectively, are continuously

orbit equivalent if there are a homeomorphism
p: X —Y
and continuous maps
a:SxX —T and b:TxY — S
such that for all zx € X, s € Sp, y € Y and t € T},
(1) (0s(2)) = Ya(s.a) (0(2)),

(ii) ™ (e () = Oveay (0 (1))

Implicitly, we require that a(g, z) € T, () and b(t,y) € S,-1(,). We will

call the triple (¢, a,b) a continuous orbit equivalence between 6 and ~.

Our next goal is to prove that continuous orbit equivalence of
topological principal actions is equivalent to isomorphism of the res-
pective groupoids. This is a generalization of the analogous results for
groups ([563, Theorem 1.2] and [52, Theorem 2.7]).

To this end, we need to prove some identities related to how the

functions a and b above preserve the structure of S and T
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Lemma 4.5.2. Let 0 = ({Xs}ses, {0s}tses) andy = ({Yi}eer, {Vt ter)
be topologically principal partial actions, and (p,a,b) be a continuous
orbit equivalence from 0 to . Assume that X and Y are Hausdorff.

Then the following implications hold:

(a) [s1,2] = [s2,x] implies that [a(s1,x), o(x)] = [a(se,x), ()], for
all z € X and s1,82 € S,.

(b) [a(s152,2), p(x)] = [a(s1,0s,(z))a(s2, x), (x)], for allz € X and
$9 €8S, and 81 € 5952(96)'

(c) [bla(s,x), p(x)),x] = [s,z], for allz € X and s € Sy.
Analogous statements hold with (¢~1,a,b) in place of (p,b,a).

Proof. (a) Let € X and s1, $2 € S,. Suppose that [s1,z] = [se, z].
First, choose s < s1, s5 such that x € X,«. Then choose an open
neighbourhood U C X« of x € X such that

a(s1,Z) = a(s1, ) and a(s2,Z) = a(se, ).

Then for all # € U Ny~ 1 (A(y)) and for i = 1,2, we have [s;, 7] =

[s, Z], so

Ya(si,2) (P(E) = Vo5, 3 (P(2) = (05, (Z))
= ¢(t[si, 7]) = (e[s, 7))

It follows that V,(s,,2)(9(Z)) = Va(ss,2)(@(Z)). As ©(Z) € A(y),
the description of A(7) as in Lemma 3.2.8 implies that

(a51,2), 9(E)] = [a(s2,2), ¢(@)], for all 2 € U N g~ (A(H)).
(4.9)
In particular, [a(s;,z),o(Z)] and [a(s;, x), p(2)] belong to the bi-
section [a(s1, ), ¢(U)], which is Hausdorff.

Since « is topologically principal, A() is dense in Y, so U N
¢ Y(A(7)) is dense in U and therefore we may take the limit
Z — z in Equation (4.9) and conclude that [a(s1,z),¢(x)] =

[a(sz2, ), o(x)], limits are unique in Hausdorff spaces.
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(b) Choose an open neighbourhood U of z € X such that
a(8182,%) = a(s182,x), a(s1,0s, (%)) = a(s1,0s,(x))
and  a(s2,Z) = a(sz, ), forall z € U.
Then, for every & € U N o 1 (A(Y)),
Ya(s1s2,8) (P(T)) = (03,5, (7)) = (s, (05, (2))
= Ya(s1,0.,(2)) (P (05, (T))

)
= Ya(s1,0 5o ( a:))(%z(sz, (‘p(i')))
= Ya(sy1,0 qZ(x))a(SZ,x)( ( ))

so, the same way as in item (a), the given property of U and the
definition of A(y) imply that

[a(s152,2), 9(2)] = [a(s1, 05, ())a(s2, ), p(2)].

Since ¢~ 1(A(y)) N U is dense in the Hausdorff space U, we con-
clude that [a(s153,3), 9(2)] = [a(51, 0 (2))a(52, 2), ()] by ta-
king the limit £ — z.

(c) Similarly to the previous items, take neighbourhoods U of x and
V of ¢(x) such that

a(s,z) =a(s,z)  and  bla(s,z),7) = bla(s, x),p(x))
whenever # € U and § € V. Then for all Z € U N~ 1(V) N A(0),
On(a(s,2)0(2) (&) = 07 (Va(s,) (9(2))) = 07 H(0(05(2))) = bs()

so the properties of U, V and A(0) yield [b(a(s,z),¢(x)),&] =

[s,Z] and again taking & — = gives us the desired result. O

Theorem 4.5.3. Let 0 = ({Xs}ses, {0s}ses) andy = ({Yitier, {1t tter)
be topologically principal, continuously orbit equivalent partial actions,

and suppose that X andY are Hausdorff. Then S x X and T XY are

isomorphic as topological groupoids.
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Proof. Let (p,a,b) be e a continuous orbit equivalence between 6 and

~. By Lemma 4.5.2 (a), the map
P:Sx X >TxY, D[s, x] = [a(s, x), p(z)]

is well-defined, and by Lemma 4.5.2 (a) it is a groupoid homomorphism.
Since a and ¢ are continuous it follows that ® is continuous. Similarly,

the map
U:TxY 5 SxX, Uty =[Dbty),e 1)

is a continuous groupoid morphism. ® and ¥ are inverses of each other
due to Lemma 4.5.2 (c). O

We will now be interested in constructing an orbit equivalence
for two actions from an isomorphism of the corresponding groupoids
of germs. Note that in general the continuous maps a and b in the de-
finition of continuous orbit equivalence take values in discrete spaces
(namely, the corresponding semigroups), and so X and Y are requi-
red to have sufficiently many sets for a continuous orbit equivalence
between the corresponding partial actions to exist. Since we will now
be interested in constructing an orbit equivalence for two actions from
an isomorphism of the corresponding groupoids of germs, we will need
to concentrate on spaces which have sufficiently many clopen sets and

partial actions which respect this structure.

Definition 4.5.4 ([73, Definition 5.2]). We say that a partial action
0 = ({XS}SES ) {Ozs}ses) of an inverse semigroup S on a topological

space X is ample if
(i) X is locally compact, Hausdorff and totally disconnected;
(ii) each X, is a compact-open subset of X.

Lemma 4.5.5. Let 0 = ({Xs}ses,{0s}ses) andy = ({Yi}ier, {ve tter)
be ample partial actions. Let ® : S x X — T XY be a topological iso-
morphism, and consider ¢ = ®|x : X — Y. Then, for every s in S,
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there are elements ty,...,t, in T and there are disjoint compact-open
subsets K1, ... K, of Y such that:

(G/) Ki g }/;fi*a

(b) o(Xs) = Uiy Ki,
(c) {o7Y(K;)|i=1,--,n} is a partition to X,

(d) for every i and for every x € ¢~ 1(K;), one has that ®([s,z]) =
[ti, ()]

Proof. Since [s, X4+ is a compact-open bisection, then ®([s, X;«]) is a
compact-open bisection in 7" X Y, so there are elements tq,...,t, of T
and disjoint compact-open subsets K1,..., K, of Y with K; € Y;: such
that

n

o([s, X)) = [J i, Kil- (4.10)
i=1

Then item (a) is trivially satisfied. Taking sources on both sides of
(4.10) yields

P(Xs.) = @(s([s, Xs+])) = 8(D([s, Xs+])) = (U ti, K ) UK

and item (b) is proved. Item (c) follows by (b) and the fact that ¢ is
injective.
In order to prove (d), consider i € {1,--- ,n} and € p~1(K;).
From Equation 4.10, ®([s,z]) € [t;, K], for some j € {1,--- ,n}, and
in particular, s([s,z]) € K;. As K,---, K, are pairwise disjoint, we
have
5(D([s, 2])) = @(s([s, 2])) = p(z) € Ki,

and hence K; = K. Therefore, ®([s, z]) = [t;, ¢(z)]. O
We are now ready to prove that topological isomorphisms between

Hausdorff groupoids of germs yield a continuous orbit equivalence between

the respective partial actions.
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Theorem 4.5.6. Let 0 = ({X,}ses, {0s}ses) andy = ({Yitier, {vi}eer)
be ample partial actions. Then 6 and v are continuously orbit equiva-

lent.

Proof. Let & : S x X — T x Y be an isomorphism of topological
groupoids. Then
p=0lx : X =Y

is a homeomorphism.

Given s € S, choose t1,...,t, € T and compact-open subsets
Ki,...,K, CY satisfying properties (a) - (d) of Lemma 4.5.5. Define
a(s,z) = t; whenever z € K;, so that a is a continuous map on {s} x
X4«. This way, we define a continuous function a on all of § *x X =
Useg 18} x X-. Let’s show that a satisfies the desired property for a
continuous orbit equivalence between 6 and : Given (s, z) € S* X, let

t = a(s,x). Then the definition of a(s,x) implies

'Ya(s,m)(@(‘r)) = t[a(sa z), Qo(x)] = t[tv 90(%)] = t((I)[s, :ED = <I>(t[s, x])
= p(0s(2))

as desired.
Proceeding similarly with ®~1 in place of ®, we construct a
function b : T x Y — S with analogous properties, so that a and b

describe a continuous orbit equivalence between 6 and ~. O

By Proposition 4.1.19, Example 4.1.16 and Theorem 4.5.6 we

conclude the following:

Corollary 4.5.7. Let 0 = ({Xs}ses, {0s}scs) be an ample partial ac-
tion of S on X. Let 7 = ({t(B)} pe(sxxye - {78} pe(swx)e) be the ca-
nonical action of (S X9 X)* on X (see Ezample 1.5.9). Then 6 and T

are continuously orbit equivalent.

We want to connect the equivalence between continuously or-
bit equivalent partial actions, isomorphisms of groupoids of germs and

diagonal-preserving isomorphisms of certain algebras. However, first,
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let us consider another semigroup associated to a groupoid, which we
will call topological full pseudogroup.

Topological full groups, which were introduced in [35, 36], are
defined as follows: If G is a group acting by homeomorphisms on the
Cantor set X, then the full group of this action consists of all self-
homeomorphisms of X which locally act as some element of G. To-
pological full groups can then be generalized to the setting of étale
groupoids G on Cantor sets [55], on which the following isomorphism
theorem holds: two étale groupoids over the Cantor set are isomorphic
if, and only if, they have isomorphic topological full groups ([56, The-
orem 5.1].

We will use a similar nomenclature to that of [55]. For each
compact-open bisection U of an ample groupoid G, we denote by 7y

the homeomorphism given by the canonical action of G* on G(?), namely
v =10 (sl;") : s(U) = (V).

In particular, we have that U — 7y is an inverse semigroup homo-
morphism from G* to I(Q(O)).

Definition 4.5.8. The topological full pseudogroup of an étale groupoid

is the semigroup
[[G]] = {7v | U compact-open bisection of G} .

Example 4.5.9. Let 0 = ({X }ses,{0s}ses) be a partial action of
an inverse semigroup S on a locally compact, Hausdorff, and zero-
dimensional space X. The topological full pseudogroup [[S xg X]] is
the set of all partial homeomorphisms ¢ : U — V (U,V C X) for
which there are si,...,s, € S and compact-open Uy, ..., U, such that

(1) U = U?:l U’ia
(i) U; C X,:, foralli € {1,--- ,n},

(iii) ¢|uy, = 0s,|u,, for all i € {1,--- ,n}.
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The theorem below was proven in [66, Corollary 3.3] when one
considers open bisections instead of compact-open ones. In any case,

we provide a short and direct proof of it.

Proposition 4.5.10. Suppose G is an ample (possibly non-Hausdor(f)
groupoid. Then the homomorphism T : G* — [[G]] is an isomorphism
if, and only if, G is effective.

Proof. First assume that G is effective, that is, G(®) = int(Iso(G)). Let
U,V € G® such that 77 = 7. Then

Ty«y = Ty= 0Ty = Ty« 0 Ty = idg(y),

which means that V*U C Iso(G). Since V*U is open, we obtain V*U C
G Thus the domain of 7y is s(V) = s(V*U) = V*U, which im-
plies V.= VV*U C U, and symetrically we obtain U C V. Thus 7 is
injective.

Conversely, suppose that G is not effective. Take any nonempty
compact-open bisection U C int(Tso(G)) which is not contained in G,

Then U # s(U), but 7y = 745y, and so, 7 is not injective. O

Let us now summarize the connections between continuous or-
bit equivalence of partial actions, isomorphisms of groupoids of germs,
isomorphisms of topological full pseudogroups, diagonal-preserving iso-
morphisms of Steinberg algebras, and consequently diagonal-preserving
isomorphisms of the associated crossed products. To do so, we will use
[70, Corollary 5.8], which is an improvement of [12, Theorem 3.1].

Note that each individual implication in the next theorem is valid

under weaker hypotheses.

Theorem 4.5.11. Let R be an indecomposable ring and let 8 and ~y be
ample, topologically principal partial actions of inverse semigroups S
and T on spaces X and Y, respectively, and suppose that the groupoids
of germs S x X and T XY are Hausdorff. Then the following are

equivalent:

(i) the partial actions 6 and v are continuously orbit equivalent;



4.6. Aplication to Leavitt path algebras 177

(ii) the groupoids of germs S x X and T x Y are isomorphic;
(iii) the inverse semigroups (S x X)® and (T x Y)* are isomorphic;
(iv) the inverse semigroups [[S x X]|| and [T x Y]] are isomorphic;

(v) there exists a diagonal-preserving isomorphism between the Stein-
berg algebras Ar(S x X) and Agr(T X Y);

(vi) there exists a diagonal-preserving isomorphism between the partial

skew inverse semigroup rings Lo(X) xS and L(Y) x T

Proof. (i) <= (it) follows from Theorems 4.5.3 and 4.5.6,

(ii) <= (iii) follows from non-commutative Stone duality?
(see [50, Theorem 3.23)),

(1i1) <= (iv) follows from Proposition 4.5.10,

(i) < (v) follows from [70, Corollary 5.8.],

(v) <= (vi) follows from Theorem 4.3.4. O

4.6 Aplication to Leavitt path algebras

In [9], the notion of continuous orbit equivalence for directed
graphs was introduced, following Matsumoto’s notion of continuous or-
bit equivalence for topological Markov shifts (see [54]). We will compare
this notion with continuous orbit equivalence of the canonical actions
of the inverse semigroups associated to graphs (see Example 1.5.13). A
similar study was made by Li in [52], who considered the case of par-
tial actions of free groups generated by edges of a graph. We reiterate
that we do not make any assumptions on the second-countability of
topological spaces, or countability of graphs.

In this section we will make constant use of the properties of the
Examples 1.2.16, 1.3.10 and 1.5.13, as well as their notation.

2 Note that Hausdorff Boolean groupoids of [50] correspond to ample Hausdorff

groupoids.
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First, we will show that the boundary path groupoid (see Exam-
ple 1.2.16) of a directed graph is isomorphic to the groupoid of germs
given by the action of Example 1.5.13.

Lemma 4.6.1. Let E = (E°, E',r,s) be a directed graph. Then the
groupoid of germs Sgp X OF, associated the action of the inverse se-
migroup Sg on the boundary path space OE, and the boundary path

groupoid Gg are isomorphic as topological groupoids.
Proof. Consider the map ¢ : Gg — Sg X O, defined by

¢(,Uz7nv IJLE) = [(N? V)v Vl‘].

We need to check that ¢ is well-defined. Suppose that

It follows that p and ¢ are comparable, as are v and 7. Moreover, either
both 1 and v are subpaths of ( and 7, respectively, or the reverse is
true.

By symmetry, let us assume that either both y and v are sub-
paths of ¢ and 7, respectively, say ( = up and n = vq. Since ur = (y
and vz = ny we obtain x = py and hence pupy = pqy, and therefore
p = q. In other words

(1, v) <(Cm) or ((,n) < (p,v),

and then ¢ is well-defined.
It is straightforward to check that ¢ is a homomorphism between

groupoids. Notice that

¢~ ([(1v), Z(p, F)))
=07 ({[(u,v), va] | x € OB, s(x) = r(n) and 21 ¢ F'})
= {(ux,n,vx) | x € OF, s(x) = r(u) and z; ¢ F'}
= Z(p,v, F),

that is, every preimage of a basic open subset of Sg X Jg is a basic

open subset of Gg. Similarly, the image of a basic open Z(u,v, F) of
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Gr by ¢ is [(u, V), Z(u, F')], which is also a basic open subset of Sg x 0.
Therefore, ¢ is a continuous and open map.

In order to prove that ¢ is bijective, consider ¢ : Sgp x OF — Gg
defined by

O([(u,v), val) = (p, [p| = |v|, ve).
We need to check that 1 is well-defined. Suppose that
(1, v), va] = [(¢, ), ny] € Sg x OF.

Then vz = ny and there is («a, 5) € Sg such that (a, 8) < (u,v), ((,n)
with va € Z(B). From (o, ) < (u,v),(¢,n) there are b,c € E* such

that a = pub = {c and 8 = vb = nc. Thus

il = ] = [ub] = |vb] = |af —[B] = |¢c| — [nel = [¢] = |n].

It remains to show that px = (y. From of vx = ny, there is a € E*
such that v = na or = va. In the case that v = na, we have that
nc = vb = nab implies that ¢ = ab, and so, nax = vx = ny implies that

ax = y. Hence
pwb=nc=Cab = pu=Ca = pzxr=~_ azr=_y.
The case n = va is similar. Therefore
(n, |p| = vl ve) = (Cy, [C] = Inl,ny),

and 9 is well-defined as required. Clearly ¢ is the inverse map of ¢». [

Recall that given a directed graph E = (EY, E*,r, s) we denote
by og : OEZ! — OF the one-sided shift map (see Equation 1.1).

Definition 4.6.2. [9, Definition 3.1] Two countable directed graphs
E = (E°,E',r,;s) and F = (F° Fl r s) are continuously orbit equi-
valent if there exists a homeomorphism ¢ : OF — OF together with
continuous maps k,l: 9EZ' — N and k/,I' : 9FZ' — N such that

o1 plon()) = i (p()), for all @ € DB, (4.11)
and

o V(e op(@) = 0 (7 (y)), forally € OFZ1. (4.12)



180 Chapter 4. The dynamics of partial inverse semigroup actions

Recall that a loop or cycle in a graph E is a path p € E* such
that |p| > 1 and s(p) = r(u). An edge e is an exit to the cycle p if there
exists ¢ such that s(e) = s(u;) and e # u,;. A graph is said to satisfy
condition (L) if every loop has an exit.

The following is an analogue of [9, Proposition 2.3]. We provide

a simple proof for completeness.

Proposition 4.6.3. Let E = (E°, E',r,s) be a directed graph. Then E
satisfies Condition (L) if and only if the canonical action 8 of Sg on OF
is topologically principal (or equivalently, Gg is topologically principal).

Proof. Let us say that an element x € JF is cyclic if there exists
a2’ € E* with |2| > 1 such that = z’z, or equivalently © = x'2'z" - - -,
and that x is periodic if x = vy for some v € E* and some cyclic .
First suppose that E satisfies Condition (L). Consider the set
X = (E*NOE)U{x € E* : z is not periodic}. Condition (L) implies
that X is dense in OE. We are done by proving that X C A(6). Suppose
(n,v) € Sg and x = vy € Z(v) is such that 0, ,)(z) = 2. Let us prove

that 4 = v. We have

py = 0y (x) =z =vy. (4.13)

It follows that p and v are comparable, so to prove that y = v it suffices
to prove that |u| = |v|. Without loss of generality, let us assume that
w = vy’ for some p'. From (4.13) we obtain y = p'y. However, y is not
cyclic, since x is not periodic, so || = 0, and |u| = |vu'| = |v|. We
conclude that 6 is topologically principal.

Conversely, suppose E does not satisfy Condition (L), and let
y be any loop in E without exit. The element x = yyy--- is isolated
in OF, because Z(y) = {x}, and 0y, () = 2. However, the only
idempotent in Sg which is smaller than (y,yy) is the zero, and 6y is
the empty function, thus Z(y) NA(#) = @. This proves that A(6) is not
dense in OF, therefore 6 is not topologically principal. O

Remark 4.6.4. Let E = (E°, E',s,7) and F = (F°,F',s,r) be di-
rected graphs, and let ¢: OF — OF be a continuous function. Suppose
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that for every (u,v) € Sg and every = € Z(v), there exists a neigh-
bourhood U C Z(v) of x and (o, 8) € S such that for all z € U

(00, (T)) = 0, 5)(0(Z)).
Thus we can find a clopen partition %; of Z(u), and a family
{(a7ﬂ)U U € %S} g SF

such that for all U € %, and all z € U,

2(0.0)(2)) = 0z ), (2(@))

We define a: Sg+xX — Sg, by setting a((u, v), z) = (o, B)u, where U is
chosen as the unique element of %; such that x € U. Then a continuous

function such that for every (u,v) € Sg and x € Z(v),

@(e(b;,y)(x)) = 95}@,@,@(@(@)

We will now compare continuous orbit equivalence of graphs and
continuous orbit equivalence of the canonical action of the associated
semigroups. The following is analogue to [52, Lemma 3.8], but we do

not require that the graphs satisfy Condition (L).

Proposition 4.6.5. Let E = (E°, E' s,r) and F = (F°, F,s,r) be
directed graphs. Then E and F are continuously orbit equivalent if and
only if the canonical actions OF and 0¥ associated to E and F are

continuously orbit equivalent.

Proof. Assume that (@, a,b) is a continuous orbit equivalence between
6% and 0F. Given x € E=', let us denote by x; € E' the first edge of
z (i.e., z = x1y for some y € OF). The map x — x; is locally constant
on JEZ! — namely, it is the constant map = ~ e on Z(e) for each
e€ E', and {Z(e) : e € E'} is a partition of dE=1.

Let o, B: OE=! — Sg be functions such that a((r(z1),z1),z) =
(a(z), B(z)) for all x € OEZ!, and define k(z) = |a(z)| and I(z) =
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|B(x)|. As a is continuous, then k and [ are continuous. Moreover, we

have

plop(r)) = @(95«(331),@1)(55)) = 9@(1),5(93))(@(33))’
which means that ¢(og(z)) = a(z)y and ¢(x) = B(x)y, for some y €
OF'. Thus

i (plop(@) = of Vale)y) = y = o N (Ba)y) = 0% (p(a))

and so (4.11) holds. To prove (4.12), k' and I’ are defined in a similar
way, using b.

Conversely, suppose ¢ : OF — JF is a homeomorphism and that
there are maps k,l: 0E=! — N satisfying, for all x € 0E=1!,

i (o () = o1 (p(2)). (4.14)

We must show that there is a continuous function a: Sg * O0F — Sp
such that

@(H(Ep.,y) (l‘)) = aﬂ“7u,$)(¢(x))’ (415)

for all (u,v) € Sg and = € ZE(v).

By Remark 4.6.4, it is sufficient to prove that for all (u,v) € Sg
and for all z € Z(v), there exists an open set U containing z and
(o, B) € S such that for all 7 € U,

0(001,)(@) = 00, 5)(0(T))-
Let us separate the proof in cases:

1. Assume that || = |v| = 0 (which implies that p = v).

In this case, we simply take U = ZF(v) N o—1(ZF (s(p(x)))).
Then for all 7 € U,

@(9@,,/)(55)) = p(T) = aé(p(x)),s(gp(z)))@(f)%

so we are done.
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2. Assume that |u| =0 and |v| = 1.
Let K = k(x) and L = I(x). For all 7 € ZF(v) C OE>!, we have

00 (@) = 05 (7)

Let Uy = ZE(v)Nk=Y(K)NI=(L). Then for all ¥ € U;, Equation
(4.14) implies that

o5 (900, (@)) = oE(9(T)). (4.16)

Equation (4.16) with & = z implies that there exist («, ) € SF,
with |o| = K and || = L, such that

P00 (@) = (.5 (0(@))-

Thus setting U = Uy N~ 1 (ZF(v)) N (po 9(#1, )N ZE (1)), we
obtain that Equation (4.15) holds on U.

3. Assume that |u| =0 and |v| > 1.

Write v = vy - - - 1,,|, where v; € E'. Notice that

(:uv V) = (/’Lv V\VI)(S(V\VI)’ V|l,|,1) T (8(V3)7 VQ)(S(VQ)’ Vl)

In other words, there are elements ey, ..., e, of the form consi-
dered in the previous case, such that (u,v) = |, ---e1. Applying
the previous case, for each k£ > 1 we may find a neighbourhood
Uy of O¢,_,...c, (x) (or simply x in the case k = 1) and an element
fr € Sp such that

<p09£c:0£oso

on Ug. Then U = U; N}, 6 ;' .. (Uy) is a neighbourhood of
z such that

E E F F
T @o&e‘ ‘ 00 —9f‘ | -09f10<p=9f‘ul...f10<,0,

since F and 6 are actions.
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4. Assume that |u| > 1 and |v| = 0.

Applying the case 3 to (v, u), there exists a neighbourhood V
of 0}, ,,(z) and (8,a) € S such that p o 0f =
V. In other words, ¢ o Hg“,) = 6{;5) o ¢ on the neighbourhood

U= 9(]”;’“)(‘/) of z, as we wanted.

953@) o on

5. Assume that |ul, |v| > 1. In this case, (u,v) = (p, r(p))(r(w),v),
so we may apply cases 3 and 4, and proceed in a manner similar
to that of case 3.

Since we have exhausted all possibilities for (u, ), the theorem is pro-
ved. O

We have seen that the Steinberg algebra Ar(Gg) of the boun-
dary path groupoid G is isomorphic to the Leavitt path algebra Lg(E)
of graph E (see Example 1.3.10). By Example 4.6.1 the groupoids Gg
and Sg x OF are isomorphic. Thus, there is an isomorphism between
the Steinberg algebras Ar(Gg) and Ar(Sg X OF). Moreover, by The-
orem 4.3.4, the Steinberg algebra Ar(Sg x JF) is isomorphic to the
skew inverse semigroup algebra L(OF) x Sg. Then we can conclude the

following:
Proposition 4.6.6. Let E = (E°, E',r,s) be a directed graph. Then
LR(E) >~ AR(QE) ~ AR(SE X GE) >~ L(-(aE) D! SE.

Finally, from Lemma 4.6.5, Example 4.6.1, Theorem 4.5.11 and
4.5.10 and Proposition 4.6.6, we obtain the following Theorem:

Theorem 4.6.7. Let E and F be directed graphs that satisfy Condi-
tion (L) and let R be an indecomposable ring. Then the following are

equivalent:
(i) the graphs E and F are continuously orbit equivalent,
(ii) O and O are continuously orbit equivalent,

(iii) Sp x Xg and Sgp X Xp are isomorphic as topological groupoids,
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(iv) Gg and Gr are isomorphic as topological groupoids,
(v) the topological full pseudogroups [[Gg]] and [[GF]] are isomorphic

(vi) there exists a diagonal-preserving isomorphism between the Stein-
berg algebras Ar(Gg) and Ar(Gr),

(vii) there exists a diagonal-preserving isomorphism between the partial

skew inverse semigroup rings L(Xg) x Sg and L(Xp) X SF,

(viii) there exists a diagonal-preserving isomorphism between the Lea-
vitt path algebras Lr(E) and Lg(F).
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